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ABSTRACT

The paperincludesa descriptionof differentstrategies for
monitoringthe wearlineof a melting furnace. This type of in-
dustrial monitoring is importantfor both economicand safety
reasons.

Temperaturesensorsatdifferentlocationsin thelining of the
furnacecombinedwith aninverseheatconductionmodelareuti-
lized for monitoringthestateof thelining. Thewearlinebound-
ary is representedby a critical isotherm,and the estimationof
this isothermis thecrucialpartof the inversesolution. Two nu-
mericalalgorithmsfor theinverseproblemaredescribed.

Thealgorithmsaretestedon modeldataaswell ason mea-
surementdataacquiredat an industrial furnace. Onealgorithm
is basedon utilizing afixedboundarywith controllingnodes,on
the wearlineside,to approximatethe measurements.The other
algorithmicapproachis to approximatethewearlineascloseas
possiblewith asfew curve representingparametersaspossible.
Bothalgorithmsutilize thecommonapproachof minimizing the
sumof thesquaredresidualat thesensorlocations.

Wealsoreportonsomelimited numericalsensitivity studies
for thealgorithms.Thenumericalexperimentsconfirmtheutility
of the algorithmsasthe resultsarein goodagreementwith test
modeldataaswell asindustrialdata.

NOMENCLATURE
ai parametersof thewearlinedefinition
∆ai edgelengthsof hyper-tetrahedrons
ci partialderivativesof un w.r.t. ai

ha heattransfercoefficientbetweensteeljacket
andair [W

�
m2K]

hw heattransfercoefficientbetweensteeljacket
andwater[W

�
m2K]

H Hessian
J regulizer
k thermalconductivity [W

�
mK]

M M � 1 is numberof wearlinedefinitionparameters
N numberof measurementlocations
r spatialcoordinatein radialdirection[m]
u temperature[0C]
ua ambienttemperatureof air [0C]
uw ambienttemperatureof water[0C]
un computedtemperaturein locationn [0C]
Un measuredtemperaturein locationn [0C]
vi nodalvaluesof temperaturealongcontrolcurve[0C]
x radialcomponentof approximatingcubic
y axial componentof approximatingcubic
z spatialcoordinatein verticaldirection[m]

Greek symbols

α weightingfactorof wearlinecurvatureregularization
α0 coefficient in regulizerfor zeroorderterm
α1 coefficient in regulizerfor first orderterm
α2 coefficient in regulizerfor secondorderterm
κ curvatureof wearline
Γ boundaryof Ω
Γi boundarysegmenti of Ω
Ω regionof computedheatconduction
Φ sumof thesquaredresidual
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Figure 1. VERTICAL SECTION OF THE MELTER.

INTRODUCTION
The problemorigins from an ilmenite melting furnaceat

TinfosTitan& Iron KS in Tyssedal,Norway. Theproductsfrom
themelterareiron andtitan-dioxide.Becausethedensityof liq-
uid iron is higherthanthatof liquid titan-dioxide,theslag(titan-
dioxide)tap-holesarelocatedabovetheiron tap-holes.Theside-
wall of the furnaceis water-cooledandthebottomis air-cooled
(seeFigure1). In time, the lining of themeltergetsworn. This
is dueto chemicalreactionsandthermo-mechanicalstress.It is
crucialthatoneis ableto monitorthewearingto avoid hotmetal
from breakingthroughthelining andcausedamageto themelter
andnearbyequipment.Herewe considera rotationalsymmetric
verticalsectionof themelterasillustratedin Figure1. In onesec-
tion thereare24 thermocouplesinstalledto monitorthetemper-
aturedevelopment.Themeasurementsarealsousedin a simple
modelto calculatethepositionof pointson a specificisotherm.
The purposeof this paperis to suggestmethodsto monitor the
wearingof the ilmenite melter, i.e. to monitor the position of
the wearline. Sincewe do not know exactly what definesthe
wearline,we insteadtry to locatea representative isotherm.Be-
causethe melting temperatureof the iron is about1450oC and
that of the titan-dioxideis about1600oC, it is certainthat the
lining is not worn beyond the 1450oC isotherm. Herewe only
considerstationaryheatconduction.The transientsarenegligi-
ble in our monitoring timeframes. A systemis built basedon
solving inversesteadyheatconductionproblemsrepeatedlyfor
severalsectionsof thefurnacelining, with a frequency of 1 hour.

MATHEMATICAL MODEL OF HEAT CONDUCTION
Thedirectproblemis to solvea well definedstationaryheat

conductionproblemon a givendomainΩ with boundarycondi-
tions,seeFigure2. In thisspecificcaseonecanassumerotational
symmetry, i.e.:

1
r

∂
∂r

�
rk � u� ∂u

∂r � � ∂
∂z

�
k � u� ∂u

∂z ��� 0 in Ω (1)

whereu is thetemperatureat apoint � r � z�
	 Ω, r andzbeingthe
radial andaxial coordinates,respectively. The thermalconduc-
tivity, k � u��� is generallydependingon thetemperature.Equation
(1) describesheat conductionin cylindrical coordinateswhen
theangulardirectioncomponentof theconductionis negligible.
Eventhoughthefurnacelining heatconductiondonotsatisfythe
assumptionof axisymmetryin general,thisassumptionis locally
valid andapplicablealongseparateverticalsectionsof thelining,
wherea numberof thermocouplesarelocated.TheboundaryΓ
of Ω is split in 5 segments,asshown in Figure2,

Γ1 � Γ2 � Γ3 � Γ4 � Γ5 � Γ (2)

Theboundaryvaluesfor theproblemareasfollows. On Γ1

theheatflux is zero,sincethemodelis rotationalsymmetric,

∂u
∂r � 0 on Γ1 (3)

Thebottomsegment(Γ2) is air-cooledsowe have a mixedcon-
dition. Thefurnaceis suppliedwith fans,blowing air underneath
to increasethecoolingof thebottom. ha is theheattransferco-
efficient betweenthe bottomandair, andua is the ambientair
temperature, 


k � u� ∂u
∂z � ha � u 


ua � on Γ2 (4)

Thesidewall (Γ3) is water-cooledsowe have a mixedcondition
hereaswell. hw is theheattransfercoefficientbetweentheside-
wall andwater, anduw is theambientwatertemperature,


k � u� ∂u
∂r � hw � u 


uw � on Γ3 (5)

At theupperendof thedomain,theassumptionof insulationis
reasonable,

∂u
∂z � 0 on Γ4 (6)

At the insideboundary(Γ5) we have a Dirichlet condition. Be-
causewearetrying to monitorthewearline,wechoosethefunc-
tion f � r � z� in (7) soasto describethewearline.For instance,if
themeltingtemperatureof themetalinsidethefurnaceis 1450oC
we choosethe function to beequalto this melting temperature.
In (Radmoser, 1998)a similarapproachis used.

u � f � r � z� on Γ5 (7)
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Figure 2. THE HEAT CONDUCTING REGION WITH CURVED WEAR-

LINE. MEASUREMENT LOCATIONS ARE SHOWN.

Anotherpossiblemodelingapproachis to considertheprob-
lem as an inversemulti-dimensionalfree boundaryproblem.
This is quite natural for phasechangeproblems. In (Katz &
Rubinsky, 1984)and(Zabaraset al., 1988)suchapproachesare
consideredfor theone-dimensionalcase.

ALGORITHMS FOR INVERSE HEAT CONDUCTION
Theunknown wearlinedenotedby Γ5, will beestimateduti-

lizing a finite numberof measurements

Un � n � 1 ��������� N (8)

at given locationsin Ω, in combinationwith solvingthemathe-
maticalmodelof heatconductiongovernedby Equations(1)-(7).
The locationsusedin our studiesareshown in Figure2, i.e. a
maximumof 9 sensorlocations.Theactualnumberof sensorsin
verticalsectionsof theindustrialfurnaceis larger.

Many authors,e.g. (Becket al.,1985),(Hensel,1991),have
analyzedinverseheatconductionproblems,bothanalyticallyand
numerically. In (Sorli & Olden,1998)a methodfor finding heat
transfercoefficients,basedonabisectiontypealgorithmfor non-
linearandimplicit equations,is presented.In (Radmoser, 1998)
a similarproblemto thepresentoneis formulatedandsolvedby
a specialtypeof angleconstraintto regularizetheproblem.

In thissectionwepresenttwo differentnumericalalgorithms
for solving the given inverseproblem. Both methodsarebased
on thecommonapproachof minimizing thesumof thesquared
residualat themeasurementpoints,

min
N

∑
n� 1

� un



Un � 2 (9)

This function is refinedby regularizationterm(s) that are de-
scribedin thefollowing subsections.

Method of contr ol boundar y
The ideais thatsincewe do not know exactly what thedo-

mainfor theboundary-valueproblemlooks like we just assume
somefixed shapefor the unknown boundary(Γ5). We define
this boundaryasthecontrol boundary. A rule is that thecontrol
boundaryshouldbechosensuchthat it is ascloseto thedesired
isothermaspossible.This canbeachievedby somea priori cal-
culationsor by startingwith averysimplecontrolboundary, e.g.
astraightline andimprovetheguessfrom theresultsin anitera-
tivemanner. Theinverseproblemthenreads:Findatemperature
distribution along the control boundarywhich reconstructsthe
measuredtemperaturesat the sensorpositions. That is, given
measurementsUn, n � 1 ��������� N, whereN is thenumberof ther-
mocouples,find aDirichlet conditiononΓ5 whichminimizesthe
sumof squaresasgivenin (9). Thevaluesun � n � 1 ��������� N, are
the calculatedtemperaturesat the thermocouplelocationsfor a
giventemperaturedistribution alongΓ5. Sinceinverseproblems
tendto be ill-posed it is not very likely that we will succeedin
minimizing thesquaresumandgeta reasonablesolutionto our
problem.It is easilyseenthattheproblemhassimilaritiesto the
sidewaysheatequationwhich is ill-posed, that is, the solution
doesnotdependcontinuouslyon thedata,see(Becket al.,1985)
and (Hensel,1991). To limit the behavior of the temperature
distribution alongΓ5 we introducea regulizer in additionto the
squaresum,see(Radmoser, 1998)and(Hensel,1991). There-
fore, insteadof minimizing thepuresquaresumwe minimize

Φ � v1 � v2 ������� vm � � N

∑
n� 1

� un



Un � 2 � J (10)

with respectto the unknown boundaryvaluesvi , i � 1 ��������� m.
ThetermJ is a regulizerandm is thenumberof nodesalongthe
fixedcontrolboundary. In calculationspresentedhereJ is afinite
differenceapproximationto

α0 �
Γ5

� u� 2dγ � α1 �
Γ5

�
∂u
∂Γ � 2

dγ � α2 �
Γ5

�
∂2u
∂Γ2 � 2

dγ (11)

whereα0, α1 andα2 areconstants.This type of regularization
is referredto asTikhonov regularizationin literature,see(Beck
etal.,1985)and(Engl,Hanke& Neubauer, 1996).Theconstants
are chosenlarge enoughto stabilizethe problemso iterations
will converge. Thereexist a theory on how to determineop-
timal valuesfor the constants,see(Engl, Hanke & Neubauer,
1996). If it shouldhappenthat our guessfor the control line is
nearlyon thewantedisotherm,theextra termJ becomessmall.
This fact encouragesus to make a good guessfor the control
line. To solve the modified minimization problemwe usethe
methodof Newton-Raphson.See(Dennis& Schnabel,1983)
for detailson this methodandoptimizationmethodsin general.
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UsingNewton-Raphsonwe haveto solve

F � v1 � v2 ������� vm � �
������ ∂Φ � v1 � v2 � � � � vm �

∂v1
∂Φ � v1 � v2 � � � � vm �

∂v2
...

∂Φ � v1 � v2 � � � � vm �
∂vm

� ����! � 0 (12)

Using Newton-Raphsonwe have to calculatethe Jacobianof F
which is givenby

H �
�������� ∂2Φ � v1 � v2 � � � � vm �

∂v2
1

∂2Φ � v1 � v2 � � � � vm �
∂v1∂v2 "�"�" ∂2Φ � v1 � v2 � � � � vm �

∂v1∂vm

∂2Φ � v1 � v2 � � � � vm �
∂v2∂v1

∂2Φ � v1 � v2 � � � � vm �
∂v2

2 "�"�" ∂2Φ � v1 � v2 � � � � vm �
∂v2∂vm

...
...

. . .
...

∂2Φ � v1 � v2 � � � � vm �
∂vm∂v1

∂2Φ � v1 � v2 � � � � vm �
∂vm∂v2 "�"�" ∂2Φ � v1 � v2 � � � � vm �

∂v2
m

� ������! (13)

and is symmetric. One advantageof the control boundary
methodis that theJacobianbecomesindependentof thebound-
ary valuesalong Γ5 when the thermalheatconductivity is in-
dependentof temperature.That is, we do only needto calcu-
late the Jacobianonce. This will of courseresult in very fast
convergencefor the Newton-Raphsoniterations,becausewe in
factaretrying to solve a linearproblem.Themethodof solving
for unknown boundaryvaluesfor linearsystemsarepresentedin
(Hensel,1991).TheNewton-Raphsonupdatesbecomes

vi # 1 � vi



H $ 1 � vi � F � vi � (14)

wherevi �&% v1 � v2 ������� vm' Ti .

Test cases Two testcases,onewith a “minor wearline”
andonewith a “severewearline”,werecreatedto testthealgo-
rithm. Table 1 shows the computedtemperaturesat the probe
locationsfor bothcases.Rememberthatwearlinein this caseis
representedby the1450oC isotherm.

The upperplot of Figure3 shows the calculatedwearline,
theactualwearlineandthecontrol line. In this casewe tried to
reconstructaminorwearlineusinga linearcontrolline ratherfar
from theactualwearline,both in locationandshape.The lower
plot of Figure3 shows the relative error at the locationsof the
thermocouples.The numberingof the thermocouplesin Table
1 areas in Figure2. The constantsin the regulizer term were
chosento beα0 � 0 � 0, α1 � 0 � 0005andα2 � 0 � 0003.

In Figure4 thesamewearlineasin Figure3 is reconstructed,
but this timeusingabetterfittedcurvedcontrolline. Comparing
the relative errorsplotted in the lower plot of Figure 3 and 4

Table 1. SIMULATED TEMPERATURES AT NINE PROPE LOCATIONS

FOR TEST CASE 1 (”MINOR” WEAR) AND TEST CASE 2 (”SEVERE”

WEAR).

n rn zn Un � 1� Un � 2�
1 6.50 2.00 305.40 404.87

2 3.75 0.50 384.99 506.14

3 6.50 2.75 480.66 672.39

4 2.00 0.50 480.92 646.39

5 6.50 1.25 189.36 242.92

6 5.25 0.50 268.55 347.69

7 6.50 3.50 667.25 872.56

8 0.00 0.50 550.63 804.88

9 6.50 0.50 98.61 125.80
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Figure 3. RECONSTRUCTION OF MINOR WEARLINE WITH LINEAR

CONTROL LINE.

showsthatacontrolline closerto thewearline,bothwith respect
to shapeandlocation,will contributeto a solutionwhich fits the
measuredtemperaturesbetter. The samevaluesfor the regular-
izationparametersasin the linearcontrol curve casehave been
usedto reconstructthewearlinein Figure4.

For Case2, i.e. “severewearline”,thesametestshave been
performed. In Figure 5 a linear control line hasbeenusedin
thereconstructionof thetemperaturedistribution giving relative
errorsasin the lower plot of the Figure5 . Again, samevalues
asbeforehavebeenusedfor theregularizationparameters.
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Figure 4. RECONSTRUCTION OF MINOR WEARLINE WITH CURVED

CONTROL LINE.
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Figure 5. RECONSTRUCTION OF SEVERE WEARLINE WITH LINEAR

CONTROL LINE.

We have also in the caseof “severewearline” tried to re-
constructthetemperaturedistributionusingacurvedcontrolline
which is closerin locationandshapeto thecritical isotherm.As
wasthe casefor the “minor wearline” this resultsin a betterfit
to measuredtemperatures,which is shown in the lower plot of
Figure6.

A brief response analysis To analyzetheresponseof
temperatureat measurementlocationswe introducedperturba-
tionsof thelocationof theboundaryΓ5. In thiscasetheboundary
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Figure 6. RECONSTRUCTION OF SEVERE WEARLINE WITH CUR-

VED CONTROL LINE.

conditionfor theinnerboundaryis u � 1450oC. Theconditions
for the otherboundariesarethe sameasfor the testcases.The
innerboundaryis describedby quadraticpolynomial

z� r � � c0 � c1r � c2r2 (15)

Theconstantsci , i � 0 � 1 � 2 � aredeterminedfrom theequations

dz
dr

� r2 � � 0 � z� r1 � � z1 and z� r2 � � z2 (16)

Thenthetemperaturesatprobelocations,n � 1 ��������� 9 � weresim-
ulatedwith � r1 � z1 � � � 0 � 0 � 1 � 5� and � r2 � z2 � � � 6 � 0 � 3 � 5� . Now,
to testhow perturbationsof the locationof the isotherm(inner
boundary)wouldeffect themeasuredtemperaturesatprobeloca-
tions,we simulatedtwo cases.Case1 with � r1 � z1 � � � 0 � 0 � 1 � 5 �
0 � 025� and � r2 � z2 � � � 6 � 0 


0 � 0025� 3 � 5� , which is a curve just
above theoriginal. Case2 with � r1 � z1 � � � 0 � 0 � 1 � 5 


0 � 025� and� r2 � z2 � � � 6 � 0 � 0 � 0025� 3 � 5� , which is a curve just under the
original curve.

In Figure7 thetwo curvesaboveandunderthemiddlecurve
aregivenin theupperplot andcorrespondingrelativeerrors(re-
sponse)at probelocationsin thelower plot. This shows that the
relative errorsin the test cases,at least for the curved control
lines,areacceptable.That is, if onecantoleratedeviationsasin
Figure7.

Isotherm Cubic Curve Appr oximation
In this casetheunknown locationof anisothermrepresent-

ing or approximatingthe wearline, is estimatedin an iterative
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Figure 7. RELATIVE ERROR FOR SMALL PERTURBATIONS OF ISO-

THERM POSITION.

manner. First we formulatethealgorithmwith no otherregular-
izationthana parametricrepresentationof this critical isotherm.
This wearlineparameterizationis a specialkind of regulariza-
tion of theproblemsincewe limit thenumberof parametersfor
describingthe curve. Later we extendthe regularizationby in-
cludinga curvaturetermto theminimizationproblem.

Smooth wearlines As suggestedwe apply the well-
known conceptof minimizing the sumof the squaredresiduals
(9) at the N measurementpoints. Oneapproachof solving this
problemcouldbe to usethe multidimensionaldownhill simplex
method(Nelder& Mead,1965).Thismethodonly requiresfunc-
tion evaluations,not derivatives.However, it is not veryefficient
in termsof thenumberof functionevaluationsit requires.There-
fore, we have formulatedanothermethodbasedon theassump-
tion of local lineardependence

un � a1 ��������� aM � � cn
0 � cn

1a1 � "�"�" � cn
MaM (17)

between the computed values un and M curve parameters
a1 ��������� aM definingthecritical andunknownisothermalcurve. In
this work we have limited our studyto cubiccurvesandpresent
resultsfor this case. However, extensionsto cubic splinesare
proposedfor problemswith wearlinesthat are changingquite
rapidlyon someparts.

In (17), for n � 1 ��������� N thecoefficientscn
m � m � 0 ��������� M �

aredeterminedby multidimensionalinterpolation.M � 1 differ-
entsetsof parametervalues( a j

1 ��������� a j
M ) � j � 0 ��������� M � give the

following linearsystemof algebraicequations����� 1 a0
1 "�"�" a0

M
1 a1

1 "�"�" a1
M

...
...

. . .
...

1 aM
1 "�"�" aM

M

� ���! ����� cn
0

cn
1
...

cn
M

� ���! � ����� u0
n

u1
n
...

uM
n

� ���! (18)

which may be solved by Gaussianeliminationwith backsubsti-
tution or any triangulardecompositionscheme. Observe that
(18) must be solved for N different right-hand side vectors*
u0

n �������+� uM
n , T � n � 1 �������+� N � However, the coefficient matrix is

thesamein eachcase.Therefore,theeliminationonly needsto
bedoneonce,while thebacksubstitutionis requiredfor eachof
thedifferentright-handsidevectors.

In thepresentstudytheparametervalues ( a j
1 ��������� a j

M ) � j �0 ��������� M � aregivenby

a0 � *
a0

1 �������+� a0
M , T

(19)

a j � a0 � ∆a jeT
j � j � 1 �������+� M (20)

forming right-angledhyper-tetrahedronswith M � 1 verticesin
the M-dimensionalEuclideanspace. In the last equation(20)
∆a j is theedgelengthof thetetrahedronin thedirectionof e j �% 0 ��������� 0 � 1 � 0 ��������� 0' where1 is in the jth positionof thevector.

Let a0 be our latestestimateof the curve parameters.We
usean iterative formula to computea new and improved esti-
matefrom thepreviousone.To solve theminimizationproblem
of (9), the approachof computingthe partial derivativesof this
expression,with respectto ( a j ) � j � 1 ��������� M in this case,and
settingtheresultsequalto zero,is acommonapproachof finding
thevaluesminimizinga givenfunction. In doingsowe get

fm � a1 ��������� aM �.- N

∑
n� 1

� un



Un � cn

m � 0 � m � 1 ��������� M
(21)

wherecn
m � ∂un

∂am
� m � 1 ��������� M � n � 1 ��������� N � aregivenby (18).

We solve this systemiteratively by the well-known Newton-
Raphsonformula������ ∂ f1

∂a1

∂ f1
∂a2 "�"�" ∂ f1

∂aM
∂ f2
∂a1

∂ f2
∂a2 "�"�" ∂ f2

∂aM
...

...
. . .

...
∂ fM
∂a1

∂ fM
∂a2 "�"�" ∂ fM

∂aM

� ����!
����� ∆a0

1
∆a0

2
...

∆a0
M

� ���! �

 ����� f1

f2
...

fM

� ���! (22)

6 Copyright  1999by ASME



whereboththeright-handsidevectorandthecoefficient matrix
arecomputedfor a � a0. Thenew iteratefor thecurve parame-
tersis

a0 � a0 � ∆a0

where∆a0 � *
a0

1 ��������� a0
M , T

.
In order to reducecomputingtime we have split the itera-

tion in two different cycles; one inner iteration cycle and one
outer. During an inner iteration cycle we do not relocatea j �
j � 1 ��������� M � but iteratesonly on a0. In theouteriteration,how-
ever, we do relocatethe otherparametersets. The strategy we
have chosenfor ending an inner iteration cycle and doing an
outeriterationstep,is basedon computingthedistancefrom a0

to thehyperplanespannedby a j � j � 1 ��������� M. If thisdistanceis
largerthansomeprescribedlimit, andthenumberof inneritera-
tionsof thepresentcycle is below somelimit, theinneriteration
continues.Whenoneof the limits is reached,the presentinner
iterationcyclestops,andanouteriterationis executed.Thenew
a j � j � 1 �������+� M � parametersetsarestill determinedby (20),but
now the ∆a j hyper-tetrahedronedgelengthsareset to half the
lengthsof the previous ones. The latter choicemay seemar-
bitrary, but it hasproved to be quite efficient in the numerical
testswe have doneso far. However, it may prove more effi-
cientto relatethereductionrateof theedgelengthsof thehyper-
tetrahedronsto thefunctionvaluesevaluated.

Any finite elementor finite volume solver for direct heat
conductionproblemscanbe utilized for computingthe un � n �1 ��������� N � for givenparametersets ( a1 �������+� aM ) , i.e. for fixedΓ5

(seeFigure2). In our validationtestsa finite elementsolver and
a triangularmeshgeneratorwereused.Themainrequirementof
thesolver is that it shouldhandlecurvedboundariessufficiently
well. Themeshgeneratorshouldcreateaqualitymeshrelatively
fastsincethemeshhasto beregeneratedseveraltimesfor differ-
ent regions. A typical meshis shown in Figure8. Themeshis
refinedtowardsΓ5 dueto the large temperaturegradientsclose
to this curve. The meshingis basedon the Delaunay-Voronoi
triangulationalgorithm(seee.g.(Carey, 1997)).

Test cases - kno wing the shape of the wearlines
Herewe presentresultsof usingthealgorithmpresentedabove.
Thetestregionsareshown in Figure9.

Thecases(a) and(b) of Figure9 arechosensoasto repre-
senttwo extremewearscenarios.They do not reflectreal wear
in existing industrialfurnaces.Both theseartificial wearlinesare
createdby a cubiccurveof theform

x � s� � b0 � b1s � b2s2 � b3s3 � 0 / s / 1 (23)

Figure 8. TRIANGULAR MESH FOR A GIVEN WEARLINE.

(a) no wear

(b) severe wear

Figure 9. TEST REGIONS WITH SMOOTH WEARLINES.

where

b0 � x � 0� (24)

b1 � x 01� 0� (25)

b2 �



3 % x � 0� 

x � 1� ' 


2x 02� 0� 

x 02� 1� (26)

b3 � 2 % x � 0� 

x � 1� ' � x 02� 0�3� x 02� 1� (27)

This typeof curveis oftencalledFergusoncubiccurves(seee.g.
(Davies & Samuels,1996)). In the teststhe following assump-
tionsaremade

x 04� 0� � � a1 � 0� (28)

x 0 � 1� � � 0 � a2 � (29)

x � 0� � � 0 � a3 � (30)

x � 1� � � a4 � H � (31)

i.e., the slopeof the wearlineis horizontalat the left side and
verticalat theright sideof it. Thesearereasonableassumptions
in real wear scenarios.In (31) H is the height of the furnace
wall. It is set equal to 3 � 5 in both tests. Also, in both cases
a2 � 5 � a3 � 1 � 5 anda4 � 6. In case(a) a1 � 10, while a1 � 26
in theseverewearcase(b).

7 Copyright  1999by ASME



5 687 9:65 687 ;:<5 687 ;:65 687 =�<5 687 =�65 687 6:<687 6:6687 6:<687 =�6687 =�<> ?A@ BA?> ?A@ CAD> ?A@ CA?> ?A@FE D> ?A@FE ?> ?A@ ?AD?A@ ?A??A@ ?AD?A@FE ??A@FE D?A@ CA??A@ CAD?A@ BA??A@ BAD
E
CBG

E
CBG

Figure 10. ac
i
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i � i � 1 ��������� 4 � AS FUNCTIONS OF NUMBER OF

OUTER ITERATIONS. NO WEAR CASE IN UPPER AND WEAR CASE

IN LOWER FIGURE (c=COMPUTED, e=EXACT).

Thedirectproblemof (1)wassolvedfor thesetwo casesby a
finite elementsolver. Numericalresultswerestoredin positions
1 to 9 asdepictedin Figure2. Thesenumbersweresubsequently
treatedasmeasurements.This completesthepreparationof the
modeltests.

Thetestof thegivensolutionalgorithmfor theinverseprob-
lemis now concernedwith estimatingthewearlinesof Figures9a
and9b,usingthesametypeof curvefor estimatingthewearline.
However, now the parametersa1 to a4 arenot known andwill
be estimatedby the inversealgorithm. Hopefully, we areable
to createthe sameparametersets. Of course,this taskis much
easierthan the real problemwhenthe shapeof the wearlineis
not known a priori. However, the test is still valuable,sinceit
mustsucceedonthis typeof problemin orderto handlearbitrary
wearlines. The resultsof the testsare presentedin Figure 10.
Observethatthealgorithmneedsmoreiterationsto convergefor
the no wearcasethanfor the wearcase. The reasonis mainly
that the cubic curve in the studyis not very well suitedfor ap-
proximationof thewearlinein this case.It is slightly betterfor
theseverewearcase.However, for heavy wearit wouldprobably
bebetterto usecubicsplinesinsteadof a singlecubic. This will
beinvestigatedin future.

The maximumrelative error of the computedvaluesat the
measurementpointsis in this caselessthan1%afteronly acou-
ple of outer iterations(seedescriptionabove). The initial esti-

mateswere chosento enclosethe exact parameterset with an
initial hyper-tetrahedron having edgelengthsof 10%of theab-
solutevalueof theexactparameters.

Modification for nonsmooth wearlines We modify
the algorithmwith extra regularizationasclaimedat the begin-
ning of this subsection.The reasonfor the modificationis the
needfor handlingreal furnacewearlineswhich in generalare
not smoothlyshaped.For suchcasesthepreviousalgorithmwill
easilyfail to converge,dueto sensitivity of thealgorithmto dis-
turbanceson the wearline. This argumentcould alsobe turned
aroundby sayingthat the algorithmis sensitive to disturbances
in themeasurements.Thelatteris obviously thecasein reallife,
sinceevery thermocouplebasedmeasuringsystemproducedata
with somedegreeof noise.A rigorousanalysisof this matteris
notdone,but is plannedin futurework.

We have testeda modificationof thealgorithmbasedon the
following minimizationproblem

min H N

∑
n� 1

� un



Un � 2 � α � 1

0
κ � s� dsI (32)

Hereκ is thecurvatureof thewearline

κ � s� � � xss " xss� 1J 2

andα is someweightingfactor. Assumingacubicwearlineasin
(23), its curvatureis givenby

κ2 � s� � 2b2 " b2 � 6b2 " b3s � 9b3 " b3s2

For the caseof the 4-parametricproblemformulatedabove the
systemof algebraicequationsgivenin (21) is modifiedas

K
f1 - N

∑
n� 1

� un



Un � cn

1 � α � 4a1



6a4 � � 0 (33)K

f2 - N

∑
n� 1

� un



Un � cn

2 � α � 4a2 � 6a3



21� � 0 (34)K

f3 - N

∑
n� 1

� un



Un � cn

3 � α � 6a2 � 12a3



42� � 0 (35)K

f4 - N

∑
n� 1

� un



Un � cn

4 � α � 12a4



6a1 � � 0 (36)
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computedL actual

Figure 11. COMPUTED AND ACTUAL WEARLINES.

For the4-parametriccasetheNewton iterationmatrix of (22) is
modifiedas������ ∂ f1

∂a1
� 4α ∂ f1

∂a2

∂ f1
∂a3

∂ f1
∂a4



6α

∂ f2
∂a1

∂ f2
∂a2

� 4α ∂ f2
∂a3

� 6α ∂ f2
∂a4

∂ f3
∂a1

∂ f3
∂a2

� 6α ∂ f3
∂a3

� 12α ∂ f3
∂a4

∂ f4
∂a1



6α ∂ f4

∂a2

∂ f4
∂a3

∂ f4
∂a4

� 12α

� ����! (37)

Test cases - not kno wing the shape of the wear-
lines In the following testswe arenot assumingany knowl-
edgeof the shapeof the wearlinesexceptfor the following as-
sumptions

y04� 0� � x04� 1� � 0 (38)

i.e., the wearlineis horizontalat the left sideandverticalat the
right handside,asin thepreviouscase.Thecomputedwearline
is comparedto theactualwearlinein Figure11.

Differentvaluesof α werechosenandtherespectivehistory
of iterationsis shown in Figure12. Numericalexperimentsin-
dicatethat α shouldbe larger than0 � 5 in this casein order to
getconvergentresults.For otherwearlinesandregionsthisvalue
maychange.

The maximumrelative error of the computedvaluesat the
measurementpoints is in this caseabout3%. The initial esti-
mateswere chosento enclosethe exact parameterset with an
initial hyper-tetrahedron having edgelengthsof 10% the abso-
lutevalueof theexactparameters.

RESULTS ON FURNACE DATA
In this sectionwe presentsimulationsof thewearlineusing

actualtemperaturemeasurementsfrom an ilmenitemelting fur-
nace. This is donewith the methodof control boundary. The
methodis testedon two differentsetsof measurementsat differ-
ent acquisitiondates. Therearesomeeffectswhich cancause

MN
OFMO N
P�M Q�RTS1U VMN
O MO N
P�M Q+RTV OPWX

OPWX
Figure 12. ac

i � i � 1 ������� 4 � AS FUNCTIONS OF NUMBER OF OUTER

ITERATIONS.

differencesin comparisonto measuredtemperaturesother than
themethoditself. Oneeffect is thattheheattransfercoefficients
areassumedto beha � 30 andhw � 150which is closeto their
actualvaluesbut not quite correct. Othercontributionsto error
maybe inaccuracy in locationof thermocouplesandair gapsin
the brick-work. In Figure13 the wearlineis calculatedusinga
linear control boundary. As expectedthe relative errorsat the
probelocationsareratherlarge.But thiscalculationgivesguide-
linesto how thepositionandshapeof thecontrolline shouldbe.
If thecontrolline is placedcloserto theactualwearlineasin Fig-
ure14 for the samesetof measurements,we canobserve some
reductionin the relative errors. To get a betterideaof how the
actualwearlinelookslike,moreeffort shouldbemadeto getthe
control line closerto thewearline.This shouldbedonebecause
therelativeerrorsarestill too large.Wecanobserveaspecialef-
fect in theupperpartof thelining in Figure14. This is causedby
frozentitan-dioxideat the insideof the lining. This is a wanted
effectbecauseit protectstherefractoryagainstchemicalattacks.
Iron is not that easilyfrozenalongthe lining. Onewould have
to increasethecoolingof thesidewall significantlyto getthisef-
fect. Onegetsin a positionwhereonewould have to consider
lining wearagainstheatloss.In Figure15 themethodof control
line hasbeentestedon anothersetof measuredtemperatures.

In thetwo casespresentedin this sectionthereis no reason
to believe thatany of theoriginal refractorymaterialshave been
worn. Thecaseshavebeenpickedrelatively earlyin thelifetime
of the furnacelining. This lining hasbeenoperative for only
a shortperiodof time. The lifetime of sucha lining shouldbe

9 Copyright  1999by ASME
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Figure 13. CALCULATED WEARLINE USING LINEAR CONTROL LINE

FOR CASE 1.
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Figure 14. CALCULATED WEARLINE USING CURVED CONTROL

LINE FOR CASE 1.

somewherebetween15 and20 years. At this stagethereis no
reasonto believe that the lining shouldnot reachits expected
lifetime.

CONCLUSION
Numericalmodelsfor monitoringthewearlineof thelining

of a melting furnacehave beendeveloped. Two algorithmsfor
solving the resultinginverseheatconductionproblemare pre-
sentedand tested,both on testproblemdataandon real mea-
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Figure 15. CALCULATED WEARLINE USING CURVED CONTROL

LINE FOR CASE 2.

surementdatasampledin an industrial furnace. Numericalex-
perimentsconfirmtheutility of both thecontrol boundaryalgo-
rithm and the algorithm of isothermcurveapproximation. The
reliability of theformeronedependson theaveragedistancebe-
tweenthecurveandtheactualwearline.

Thetestsof thecontrolboundarymethodon minor andse-
verewearlines,show thatif thecontrolcurvecorrespondsreason-
ablywell to theactualwearlinein locationandshape,therelative
errorsbecomelessthan2 � 5% in bothcases.This is well within
theacceptableboundsfoundin theresponseanalysis.Sincethe
control line canbe relocatedin an iterative mannerto improve
locationandshape,this canbeachievedin mostcases.

The isothermcubic curve approximationproducesresults
comparableto resultsof the”closeversion”of thecontrolbound-
ary algorithm. The methodrequireslimited knowledgeof the
actualwearlineshape.Therefore,it is bettersuitedto handlein-
verseproblemswith a complex behavior like rapidly changing
wearlines.Thealgorithmprobablyneedsa modificationfor the
mostseverecases,and the utilization of splinesaresuggested.
Thiswill beinvestigatedin futurework.

Both algorithmsneedextra regularizationtermswhen ap-
plied to realwearlineproblems.Thecontrolboundaryalgorithm
addsregularizationusing commonconstraintson the tempera-
ture along the control boundary, i.e. Tikhonov regularization.
The modifiedalgorithmof isothermcubic curve approximation
includesa constrainton the curvatureof the isothermapprox-
imation, i.e. anothertype of Tikhonov regularization. These
modificationsareshown to be bothnecessaryandsuccessfulin
numericalexperiments.

The regularizationterm andthe improving effectsof locat-
ing thecontrol line closerto theisothermimply that themethod
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of controlboundaryshouldbeimplementedasaniterativesearch
for theisotherm.If thatcanbeachieved,theregularizationterm
vanishif thecontrolline is exactlyat theisothermandwewould
only be minimizing the squaredsum involving calculatedand
measuredtemperaturesatprobelocations.

Both methodsas presentedin this paper, are stand-alone
methodsfor solving inverseheatconductionwith an unknown
boundarylike the wearline in the presentproblem. However,
an interestingpossibility is to use the method of fixed con-
trol boundaryasa refinementmethodafterusingthemethodof
isothermapproximationby cubicsor splines. The potentialof
theseideaswill beinvestigatedin futurework.
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