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W e presait a proof of stabi ity and aonverganee ofFan
autonatic numerical space mardiing algittm, based an

disaete mali cation and ganeralized acss \alidation, for

te numerical solitian of the gneralized 2D IH CP

KEYW ORDS

6 eneralized2-D IH CP,Il Ol cation, FiniteD i®yenass,
A utomatic FH Kexing-

NON BNCLATURE

D
K

:g

1800 X <€ HT 3

R

ELX

D isaete aaritered d®@yance qparator
D isaete interal

D imersian parametars

Spae ad time steps

I ol catian paraneter

T ime coadinate

BEact tamperature

R egubrized teamperature

Space coodinates

D isarete ampaats

Camputed time heatt® ux dexivative
Camputed time tempearaiure derivative
Camputed tEmperature

Bactheat® ux

R egubrized heat® ux

Camputed heat® ux

CristaCoks
D got_ofll athematical Sdenass
U niversity ofF Cindrnatli
Cindnnati, 0 hio45221 4025
Emall: colesdé math ucedu

Diegoph M urio
D got_ofll athematical Sdaa=s
U niversity ofFCindrmnatli
Cindnnati, 0 hio45221 4025
Emal: degd dmuriocsm ucedu

Zy Camputed 2nd derivative in y directian
CiC+iC: Lo ( awmicaastaits

GG~ D iscrete functias

L1 D anan internab

3 I ol catian qperator

=G ;w) I o cation radii

3N I admum of4 ad -

i, I inimum of+ and +

2 N dse b

¢x Spaeinaemedt —— —— —
¢; Iadmum of (Y ;WY sdy D
I_INWTRODUCTION

Inthis pgper;, the2-D gaeralized heataonductiaon prdo-
I is investicgated and an automatic space mardiing albp-
rittm, basad an = jmdlil catian ad the ganaralized acss
alidatian ¢ CV ) proedurg, is presaited and analyzed .
T his method does notreguire any infamation ebauttheini-
tial tampearature distribution and the anauntand/ar dar=
actEristics of the ndse in thedata_ll aeower;, themadll &
tion parameters are dosen automatically_

T he nec=ssaxry theaetial and amputatical baed<
goud foraambining mall catian and 6 CV  hes bean de-
velpad in a sequenee of prevas pgpers ad the reeder
is urged 1O aasult the anespading relerencs for am-
pEtEess. I han and il uro (998a) presented a rumerical
space mardhing sdhamne farthe idati: catian of parameters
in the aedmasiaal IH CP _T he tpic of rumerical dif
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Brattiation ofFnasy data is disassed in detal inll uioet
al. (998).Suree” tlingand the numearical gpprodmatian
of2-D gadat ebk hae bem extasively investicated in
I henandll urio (998b).

T his pgperis aganized as Tollons: a short desaiptian
of pertinent nolatian and preiminary results is presanted
in sectian 2. In secian 3, the ganaralized 2D IHCP is
disassaed . T his section includes thespace mardingsdhame,
the prooFafstzbi ity and anvergence of e algxitm, ad
sane rumerical eamples.-

2.PRE IN INARY RESULTS

T his section disasses the main results an stebe nu-
merical computation of 2D gediets by the moll &
o methad. W e intraduce the Olloning notatian- L et
X=Q % XPp= @ pXxadt=G hyxweep > 0 4>
017 2R! andasiderteses I=11E 1 Jad K=
I -i-mil - - g Lwith) - >3« x&«
axt >T -1 andi - X< >5&< g >XE - 1:W eako
assume thatt

)sﬁ)i)iﬁil)_)sﬁ+1)_)§ﬁ)'¢x- — -
S > I =58 55 30 j=2;mn 1

T he functian G is the gven perturbed disarete varsian
ofg- In ader o goprodmate rg, anmputatias are Gar-
ried aut by wsing the canterad di®yenas of 1G°. T hat
is,D QG ™)is used o goproadmate r (AG*)in 1 _H ereD
= 0 x P % 2D (=1;2)danotes the aatered diGerance
peratorwith respect o the variebke >, ad
1=[ps+4x ip% i4X EpLt4x%] iRk i4%]

W e can nawstate the nacessary resullis nesdad toproe
the stabiiity and aavergance of the space mardhiing algo-
rittm weed in solving the gaeralized 2D H CP presanted
in sectian 3 - T he prook of these statamats can be Toud
in te indcaied teature.

=g&"p{:1 -

PROPOSITION 21_lLetG =Tg

iz-ml-j-ngbelhedsaelewsimd:g,
G =g, =g+ -§% §-21 -i-mil -j - ng;ad

rgZCUﬂ(l):E:C”(I)IfG,G satisf/ 1G §G7k 4 - 2,

ten

B A, o -C R+ et B 4@
5T e ¥y B ) ’

ad

P AcHirQas,

Lemmas 3 7ad 38 inl hanadll urio (998b) proe this
propcsitian.-

Let G be a dsaete fuctioh an K. We dere
DiG ~ D @G )« - The next theoram staies that Dy is a
baunded qperator-

THEORBlI 22.Thareedsts acaastaitC sud thak
DICH, e - e IPE K
1t ye B <

T he proof of this theaxram can be Toud inZ hen ad
I urio € 998b)-

THEORBI 23.1fg2C’'! (DadG is adsaete \ver-

san of g, then thare exdsts a astat C sudh that Tor
1=1;2;48m;j=1;:2;0n;

7_3 N ale) Soet 2o ThE

2. @6)X6; ><§>) C

thl

a=12._HereDZ (f)x %) danotes the cantered di®ar=
err:eaqoroqmanmof Qq e )With grid size €, -

Let G ad G® be disaete TN
-2 Then or

THEORBEI 24.
tias e ned on K; satisKjing 5 i G i
i=132;q8m;:j =1 2;4%n;

D2, Q6> @6 )@soxz@Y C

Jtil

a=1;2.

T heorams 2 3 ad? 4 are ratural exdtasias of the pre-
vias theary o the secod aderdenatinve TUNCtias in the
2-dmasiaal cse.

S_.THECBIERRALIZBED 2D IHCP

A space mardhing abittm solving the ganeralized 2-
dmensical inerse heatt conductian prdolm is presated
in this secion.-

W e aasider the prdblan of determining uggy;D,
U<y ;D Uy Gy D and ur Gy ;O satising:

Ug = Usoct Uyy 5 X>00<y<1l< t1;
u€:y;D=uw ¢;o; 0 -y -1 -t-1;
uCy;D=u ¢t 0 -~y -190 -t-1:
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Theadkbbkedatay ady fory adu, respectively, are
disaete nasy functias with maxdmum nase bel2_ W e
assume that the datlaare gven an the disaete set iy 1) -
Vi =JjEkt.=nkl -j -l ;1 -n-Ngwth =13 ad
k=1=N _

T he regubrized prdolem basad an moll catian is o=
mulated as TOllos: determinev <y ; D, vi.Cqy ;D v, GGy ;D
ad v Gy ;D such that

Ve =Vt —AV; X> 0 0<y< 10< &< 1;

@yz
vy;D=3u ¢;tx
Vo€ 3y O=3u ¢;0

0 -y -1 -t-1;
0 -y -1 -t-1;

whareall te+ -moll Gatias are takenwith rsspectto (v ;0
ad+= @1 ;iz)-

31 _TheSdame

Leth> () be the mardhing st size in the x direc-
ton. iy, W, dj; dj ad Zz} deote te numerical
goprodamatias Torvh;j Enk, v,..(h;j ENK), vie(h;j ENk),

V@ j EN) and vy (7§ BNk respectively_ 4 ppling the
method ofmdlil catian, the space mardiingsdneme toaom-

pu'e ij’ IJ’q]J’q]J adzrl,] isder mdby

Mg = g+ s

Wi =W+ hdj iz

diy =dj+ dj;

715 =05Q@n 1 XaENKy

diig =D e«@Wu 1 DG ENKY,
where 1; and W cenote the2 §D datases iy 2 - j -
9 -n-Ngadfj 0 -3 -1 1 -n-Ng repes
tively.

T heintializatias Torthe sdhame are:

'ﬂj =3 GENRy;
WYy =Ju GEnRy

dy =D «QuG Enkx
7Y =D05QuDGEKY
Cﬂj =D t(\ll-thi Enk)

32 _Stbility ofthe Sdame

W thaut Ioss of gernerality, thraughout this subsectian
ad the nextt we assume ;1 = ming ) -1 ad
daoemax .- 1 -n-v ¥ i3I0V ¥il-

ByTheoams 22 ad?2 4,wehae

¥ d - F g
W13 - N b i
R+13- A hog

C, . .
jt}ilrd;

i -~ g
.itjll

T haxekae,

maxfyi. . F+1 BRI - O+ B OmaxdiEMERD:

wherell . =maxtt 1+7_-th. g-

A ssumethatthe caluBtianstps atcthel ' step T hen
by the itaratiaon of the aboe inegLality we hae

maxfit v R D - ¢+ H D ma<di kv EiRD;
whidh implies

mafp W EA B - op& Il Dma<d Ev R D:
wherex =h .

T hue, the sdameis stebke.

3 3 .Cavergance ofthe Sdeme
W e now asider the aanvergaee of the sdame. In
adardoso, wede ne

ey =Ry ivahjknky

i

V\p;] V\p;, i V@) BNy

edy =dj ive@hjknkx
Forthe mall ed solutian vy ;E), we have

v@+ 1 g End=vah;j Enkd
+ hus@hsj K+ 0 P )
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V(@ + 1 EN)= v, (i j EnOH h@ehg) BN
;& — AvGh;j Enk)+ 0 ()

18y
@

ve(@+ 1 En)= ve@h;j Enid+ h@TthG h;j kX

B y aamparing the equalities eboe with the sdhame, it OF-

s that

erl 5 = ¢+ hew)y+ 0 ¢

CWi1 —¢V\F,. hed) ih0 ;@G En
& 3varitny o ¢

@yz
¢d, i ¢qu hQ +Qw I KN

i@@tvxah;j L)+ 0 (7 X

By Prpaitian 21, negbding the eRsect of the
= imalil catian an the alreedy mdlil ed solutian Vs,

D@4 l-nk)i @vxah;j £k

—— kt C.K:
JtJ.ljtb"“J+ JtJ.l

Frally, singT heorams 2 3 ad 2 4, we dotain

Py(JF)Glrk)l JV(hJ Enidy

K C.F:
Jtilprr }1 "

H encs,

B - Jeng hiewij 0 ¢F)

_ _ _ .. _ Ch _ _
W1 - Pwi g+ Tﬂ:ﬁﬁ

hk C.hF+ 0 (F )

il

®q..d - J¢ou+-- W J+-- hkt C.Hé+0 X

Ehia Bk

Seting ¢; = maxfIt g W K- D, ve hae

Civy -

thlﬁl

- € D Can+ D0 (X

A AN, by alubllingl iteralias,
¢ - o X, + C @+ kt Hx
) (j:}il :
Sinc=

¢, -

G+ H Ky

il

te anvagne of te algxitm reedily Ollons - T hatis,
¢, anags tozaroass 2, h kad 1tied tozero.

34 N umarical Bampks
In this section, we present numerical resullts dotained
by gophing the algaxitm t© o eanpks. The el

tive b enas assodated with the ™ nal computatias are
summarized in Tebks 13- In all eses, the abrittm
wses impEmented wsing the folloning set of paraneters:
2=11;x=3;p=3; h=¢x=<¢t=¢Cy =1=64:4 I tte
tnaios ilnohed were gpprodmately recostrucied in
tethreedmasgaldaonani - x- 30 -t-10 -y -1:
Bamnpk3 ! : Idatif/ u@gy;Din
Ut = Usoct Uyy;
1
ug:y;D=epr Py
1 1
U ;D= P ©PE+ =YX
T he eactsobition T this prdolm is:
1
UCSy;D=ep p &+ yIX

Bampk3 2: Idatify u@gy;Din
Ut = Usoct Uy ;
u€;y;D=10;
Ux( 5y D=0 i20siny:

T he eactsobition T this prdolm is:

uGcy;D=epE i2sinxsiny:
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Tabk1. 6 LOBALDON AINERRORS
BEanpk Temperature H eatFlux
31 0098 0140
32 0090 0004

Tabk2. FINALERRORSAT X=13
BEanpk Temperature H eatFlux
31 0195 1810
32 0130 0409

Tab B3. BOUNDARY TEN PERATURE ERRORS

Bamnpk Tenp.aty=! Tamp.-att=!
31 0001 0055
32 0001 0134

ACKNOWLEDGN BRI T
T his warkwes partially supparted by aC _T aft Fellon
ship fram te T aft Fud, U niversity of Cindnnati -

REFER Bl CES

I urig,D A LIl e, Calss E_.ad? hen, S ,1998,D is-
aeke !l di cation and A utonatic | umearical D iGoaTtiar
tian, Canputars!l ath A pplic,VA.35,1 o.5,pp-1-16.

Ihen,S _andll urig,D 4 ,1998a, Idaiti catiaon of P &
rametars in 0 neD imesiaal I CP, Canputass il ath A p-
plic,Vdl.35,1 0.3,pp-146.

Ihen,S _adll urio,D 4 ,1998b, Surbce Fittingad
N umerical ¢ rediatt Canputatias by D isaete Il ol &
o, O gppearin Canputers !l ath A pplic.

Capyridht 1999 byh Sl E



