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A B ST R A CT
W epresentaproofofstabilityandconvergenceofan

automaticnumericalspacemarchingalgorithm,basedon
discretemollī cationand generalized cross validation, for
thenumericalsolutionofthegeneralized2-D IH CP.

KEY W O R D S
G eneralized2-D IH CP,M ollī cation,FiniteD i®erences,

A utomaticFiltering.

N O M EN CL A T U R E
D D iscretecentereddi®erenceoperator
K D iscreteinterval
M ;N D imensionparameters
h;l;k Spaceandtimesteps
p M ollī cationparameter
t T imecoordinate
u Exacttemperature
v R egularizedtemperature
x Spacecoordinates
gij D iscretecomponents
oni;j Computedtimeheat° uxderivative
qni;j Computedtimetemperaturederivative
rni;j Computedtemperature
ux Exactheat° ux
vx R egularizedheat° ux
wni;j Computedheat° ux

zni;j Computed2ndderivativeinydirection
C;C±;C 1 ;C2 G enericconstants
G;G ² D iscretefunctions
I;~I± D omainintervals
J± M ollī cationoperator
±=(±1 ;±2) M ollī cationradii
j±j1 M aximumof±1and±2
j±j¡1 M inimumof±1and±2
² N oiselevel
¢x Spaceincrement
¢i M aximumof(

¯̄
rni;j

¯̄
;
¯̄
wni;j

¯̄
;
¯̄
qni;j

¯̄
)

1.IN T R O D U CT IO N
Inthispaper,the2-D generalizedheatconductionprob-

lem is investigatedandanautomaticspacemarchingalgo-
rithm,basedon ±¡mollī cationandthegeneralizedcross
validation (G CV )procedure, is presented and analyzed.
T hismethoddoesnotrequireanyinformationabouttheini-
tialtemperaturedistributionandtheamountand/orchar-
acteristicsofthenoiseinthedata.M oreover,themollī ca-
tionparametersarechosenautomatically.

T he necessary theoretical and computational back-
groundforcombiningmollī cationandG CV has beende-
veloped in a sequenceofprevious papers and thereader
is urgedtoconsultthecorrespondingreferences forcom-
pleteness.Z hanand M urio(1 998a)presentedanumerical
spacemarchingschemefortheidentī cationofparameters
in theone-dimensionalIH CP.T hetopicofnumericaldif-
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ferentiationofnoisydataisdiscussedindetailin M urioet
al.(1 998).Surface t̄tingandthenumericalapproximation
of2-D gradient ēldshavebeenextensivelyinvestigatedin
Z hanandM urio(1 998b).

T his paperisorganizedasfollows:ashortdescription
ofpertinentnotationandpreliminaryresults is presented
in section 2. In section 3, the generalized 2-D IH CP is
discussed.T hissectionincludesthespacemarchingscheme,
theproofofstabilityandconvergenceofthealgorithm,and
somenumericalexamples.

2.P R EL IM IN A R Y R ESU L T S
T his section discusses themain results on stablenu-

merical computation of 2-D gradients by the mollī ca-
tion method. W e introduce the followingnotation. L et
x=(x1 ;x2);p=(p1 ;p2);and±=(±1 ;±2);wherepi > 0 ;±i >
0 ;xi 2R 1 and considerthe setsI=[0 ;1 ]£[0 ;1 ]andK=
f(xi1 ;xj2):1 ·i·m;1 ·j·ng½I,with0 ·x(1 )1 < x(2)1 <
¢¢¢< x(m)

1 ·1 and0 ·x(1)2 < x(2)2 < ¢¢¢< x(n)2 ·1 :W ealso
assumethat

x(i)1 ¡x
(i¡1 )
1 =x(i+ 1 )1 ¡x(i)1 ´¢x1 ; i=2;:::;m¡1 ;

x(j)2 ¡x(j¡1 )2 =x(j+ 1 )2 ¡x(j)2 ´¢x2; j=2;:::;n¡1 :

T hefunctionG² isthegivenperturbeddiscreteversion
ofg.Inordertoapproximaterg,computations arecar-
riedoutbyusingthecentereddi®erences ofJ±G ².T hat
is,D (J±G ²)isusedtoapproximater(J±G ²)in ~I±.H ereD
=(D x1,D x2 ),D xi (i=1 ;2)denotesthecentereddi®erence
operatorwithrespecttothevariablexi,and
~I±=[p1 ±1 + 4x1 ;1¡p1 ±1¡4x1]£[p2±2+ 4x2;1¡p2±2¡4x2]:

W ecannowstatethenecessaryresultsneededtoprove
thestabilityandconvergenceofthespacemarchingalgo-
rithm usedinsolvingthegeneralized2-D IH CP presented
insection3.T heproofs ofthesestatements canbefound
intheindicatedliterature.

PR O P O SIT IO N 2.1.L etG =fgij=g(x(i)1 ;x(j)2 ):1 ·
i · m;1 · j · ng be the discrete version of g,
G
²
=fg²ij=gij+ ²ij :j²ij j·²;1 ·i·m;1 ·j·ng;and

rg2C 0 ;1 (I)£C 0 ;1 (I): IfG,G ² satisfykG¡G ²k1 ;K·²,
then

jjD (J±G²)¡rgjj1 ;eI±·C
µ
j±j1 +

²
j±j¡1

+
¢x
j±j¡1

¶
+ C±(¢x)2;

and

jjD (J±G²)¡r(J±g)jj1 ;eI±·
C

j±j¡1
(²+ ¢x)+ C±(¢x)2:

L emmas3.7and3.8 inZ hanandM urio(1 998b)provethis
proposition.

L et G be a discrete function on K. W e dē ne
D ±
0 G ´D (J±G)jK. T henexttheorem states thatD ±

0 is a
boundedoperator.

T H EO R EM 2.2.T hereexistsaconstantC suchthat

jjD ±
0 Gjj1 ;K\eI±·

C
j±j¡1

jjGjj1 ;K:

T heproofofthis theorem canbefound in Z hanand
M urio(1 998b).

T H EO R EM 2.3.Ifg2C 0 ;1(I)andG isadiscretever-
sion ofg, then there exists a constantC such that: for
i=1 ;2;¢¢¢;m;j=1 ;2;¢¢¢;n;

¯̄
D̄ 2xa(J±g)(x

(i)
1 ;x(j)2 )¡D 2

xa(J±G)(x
(i)
1 ;x(j)2 )

¯̄
·̄C

¢x
j±j2¡1

;

a=1 ;2. H ere D 2
xa(f)(x1 ;x2)denotes thecentereddi®er-

enceapproximationof@2 f
@x2a

(x1 ;x2)withgridsize¢xa.

T H EO R EM 2.4. L et G and G² be discrete func-
tions dē ned onK; satisfyingjjG ¡G²jj1 ·². T hen for
i=1 ;2;¢¢¢;m;j=1 ;2;¢¢¢;n;
¯̄
D̄ 2
xa(J±G)(x

(i)
1 ;x(j)2 )¡D 2xa(J±G ²)(x(i)1 ;x(j)2 )

¯̄
·̄C

²
j±j2¡1

;

a=1 ;2.

T heorems2.3 and2.4 arenaturalextensionsofthepre-
vioustheorytothesecondorderderivativefunctions inthe
2-dimensionalcase.

3.T H E G EN ER A L IZ ED 2-D IH CP
A spacemarchingalgorithm solvingthegeneralized2-

dimensionalinverseheatconduction problem is presented
inthis section.

W e consider the problem of determining u(x;y;t),
ux(x;y;t),uy(x;y;t)andut(x;y;t)satisfying:

ut=uxx+ uyy; x> 0 ;0 < y < 1 ;0 < t< 1;
u(0 ;y;t)=u0 (y;t); 0 ·y·1 ;0 ·t·1;
ux(0 ;y;t)=u1(y;t); 0 ·y·1 ;0 ·t·1 :
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T heavailabledatau²0 andu²1 foru0 andu1 respectively,are
discretenoisyfunctions withmaximum noiselevel².W e
assumethatthedataaregivenonthediscretesetf(yj;tn):
yj=jl;tn=nk;1 ·j·M ;1 ·n·N g withl=1 =M and
k=1 =N .

T heregularizedproblem basedonmollī cation is for-
mulatedasfollows:determinev(x;y;t),vx(x;y;t),vy(x;y;t)
andvt(x;y;t)suchthat:

vt=vxx+
@2

@y2
J±v;x> 0 ;0 < y < 1 ;0 < t< 1 ;

v(0 ;y;t)=J±u0 (y;t); 0 ·y·1 ;0 ·t·1 ;
vx(0 ;y;t)=J±u1 (y;t); 0 ·y·1 ;0 ·t·1 ;

whereallthe± -mollī cationsaretakenwithrespectto(y;t)
and±=(±1 ;±2).

3.1.T heScheme
L eth> 0 be themarching step size in thex direc-

tion. rni;j, wni;j, qni;j; oni;j and zni;j denote the numerical
approximationsforv(ih;jl;nk),vx(ih;jl;nk),vt(ih;jl;nk),
vxt(ih;jl;nk)andvyy(ih;jl;nk)respectively.A pplyingthe
methodofmollī cation,thespacemarchingschemetocom-
puterni;j,wni;j,qni;j,oni;j andzni;j isdē nedby

rni+ 1 ;j =rni;j+ hw
n
i;j;

wni+ 1 ;j =wni;j+ h(q
n
i;j¡zni;j);

qni+ 1 ;j =qni;j+ ho
n
i;j;

zni+ 1 ;j =D 2
y(J±ri+ 1)(jl;nk);

oni+ 1 ;j =D t(J±wi+ 1)(jl;nk);

whereri andwi denotethe2¡D datasets frni;j :0 ·j·
M ;0 ·n·N g and fwni;j :0 ·j·M ;0 ·n·N g respec-
tively.

T heinitializationsfortheschemeare:

rn0 ;j =J±u²0 (jl;nk);
wn0 ;j =J±u²1 (jl;nk);
qn0 ;j =D t(J±u²0 )(jl;nk);

zn0 ;j =D 2
y(J±u

²
0)(jl;nk);

on0 ;j =D t(J±u²1)(jl;nk):

3.2.StabilityoftheScheme
W ithoutloss ofgenerality,throughoutthis subsection

and the next, we assume j±j¡1 =min(±1 ;±2)· 1 and
denotemax1·j·M ;1·n·N jY n

i;jjbyjYij.

ByT heorems 2.2 and2.4,wehave

jri+ 1j·jrij+ hjwij;
jwi+ 1j·jwij+ h(jqij+ jzij);
jqi+ 1j·jqij+ hjoij;

jzij·
C 1
j±j2¡1

jrij;

joij·
C 2
j±j¡1

jwij:

T herefore,

maxfjri+ 1 j;jwi+ 1j;jqi+ 1 jg·(1 + hM ±)maxfjrij;jwij;jqijg;

whereM ±=maxf1 ;1 + C1
j±j2¡1

; C 2
j±j¡1 g.

A ssumethatthecalculationstopsattheL thstep.T hen
bytheiterationoftheaboveinequalitywehave

maxfjrL j;jwL j;jqL jg·(1 + hM ±)L maxfjr0 j;jw0 j;jq0 jg;

whichimplies

maxfjrL j;jwL j;jqL jg·exp(xL M ±)maxfjr0 j;jw0 j;jq0 jg;

wherexL =hL .

T hus,theschemeis stable.

3.3.ConvergenceoftheScheme
W e nowconsiderthe convergenceofthe scheme. In

orderdoso,wedē ne

¢rni;j =rni;j¡v(ih;jl;nk);
¢wni;j =wni;j¡vx(ih;jl;nk);

and

¢qni;j=qni;j¡vt(ih;jl;nk):

Forthemollī edsolutionv(x;y;t),wehave

v((i+ 1 )h;jl;nk)=v(ih;jl;nk)
+hvx(ih;jl;nk)+ O (h2);
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vx((i+ 1)h;jl;nk)=vx(ih;jl;nk)+ h(vt(ih;jl;nk)

¡@2

@y2
J±v(ih;jl;nk))+ O (h2);

vt((i+ 1)h;jl;nk)=vt(ih;jl;nk)+ h
@
@t
vx(ih;jl;nk):

B ycomparingtheequalitiesabovewiththescheme,itfol-
lowsthat

¢rni+ 1 ;j =¢rni;j+ h¢wni;j+ O (h
2);

¢wni+ 1 ;j =¢wni;j+ h¢qni;j¡h(D 2y(J±ri)(jl;nk)

¡@2

@y2
J±v(ih;jl;nk))+ O (h2);

¢qni+ 1 ;j =¢qni;j+ h(D t(J±wi)(jl;nk)

¡@
@t
vx(ih;jl;nk))+ O (h2):

B y Proposition 2.1 , neglecting the e®ect of the
±¡mollī cationonthealreadymollī edsolutionvx,

jD t(J±wi)(jl;nk)¡
@
@t
vx(ih;jl;nk)j

· C
j±j¡1

j¢wij+
C

j±j¡1
k+ C±k2:

Finally,usingTheorems2.3 and2.4,weobtain

jD 2
y(J±ri)(jl;nk)¡

@2

@y2
J±v(ih;jl;nk)j

· C
j±j2¡1

j¢rij+
C

j±j2¡1
l+ C±l2:

H ence,

j¢ri+ 1j·j¢rij+ hj¢wij+ O (h2);

j¢wi+ 1j·j¢wij+ hj¢qij+
Ch
j±j2¡1

j¢rij+

C
j±j2¡1

hl+ C±hl2 + O (h2);

j¢qi+ 1j·j¢qij+
Ch
j±j¡1

j¢wij+
C

j±j¡1
hk+ C±hk2 + O (h2):

Setting¢i=maxfj¢rij;j¢wij;j¢qijg,wehave

¢i+ 1 ·(1 +
Ch
j±j2¡1

)¢i+
Ch
j±j2¡1

(k+ l)+ C±h(l2+ k2)+ O (h2):

A gain,bycalculatingL iterations,

¢L ·exp(
CxL
j±j2¡1

)(¢0 + C(l+ k+ h)):

Since

¢0 ·
C

j±j2¡1
(²+ l+ k);

theconvergenceofthealgorithm readilyfollows.T hatis,
¢L convergestozeroas ²,h,kandltendtozero.

3.4.N umericalExamples
Inthis section,wepresentnumericalresults obtained

by applying the algorithm to two examples. T he rela-
tive l2 errors associated with the n̄alcomputations are
summarized in Tables 1 -3. In all cases, the algorithm
was implemented using the following setof parameters:
²=:0 1;x=:3;p=3;h=¢x=¢t=¢y=1 =64: A llthe
functions involved were approximately reconstructed in
thethree-dimensionaldomain0 ·x·:3;0 ·t·1 ;0 ·y·1 :

Example3.1 :Identifyu(x;y;t)in

ut=uxx+ uyy;

u(0 ;y;t)=exp(t+
1p
2
y);

ux(0 ;y;t)=
1p
2
exp(t+

1p
2
y):

T heexactsolutionforthisproblem is:

u(x;y;t)=exp(t+
1p
2
(x+ y)):

Example3.2:Identifyu(x;y;t)in

ut=uxx+ uyy;
u(0 ;y;t)=0 ;
ux(0 ;y;t)=exp(5¡2t)siny:

T heexactsolutionforthisproblem is:

u(x;y;t)=exp(5¡2t)sinxsiny:
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Table 1. G LO B ALDO M AIN E R R O R S

Example Temperature H eatFlux

3.1 .0 0 98 .0 1 40

3.2 .0 0 90 .0 0 0 4

Table 2 . FINAL E R R O R S AT x=:3

Example Temperature H eatFlux

3.1 .0 1 95 .1 81 0

3.2 .0 1 30 .0 40 9

Table 3. B O U NDARY T E M P E R AT U R E E R R O R S

Example Temp.aty=1 Temp.att=1

3.1 .0 0 0 1 .0 0 55

3.2 .0 0 0 1 .0 1 34
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