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ABSTRACT
Heat flux at the mold/metal interface is an important

parameter in the casting process. Measurement of this heat flux
during casting with green sand molds is complicated by the
presence of moisture in the sand. It is desired to accurately
estimate the heat flux during green sand casting in order to
improve numerical simulations and, ultimately, casting quality.

In this paper, a zonal model of the moisture movement in
moisture-bearing sand (Tsai, et al., 1986) is incorporated into an
inverse solution procedure to determine the mold/metal
interface heat flux. The inverse method uses an iterative
Gaussian update algorithm (Beck and Arnold, 1977, pg. 341)
(Junkins, 1978, pg. 33) to estimate the heat flux.

A sensitivity analysis shows that the sensors must be
located near the surface. A numerical experiment confirms the
utility of this algorithm as the result is in good agreement with
the exact data.

NOMENCLATURE
ENGLISH
Cd specific heat of dry sand
Cw specific heat of water
K2 thermal conductivity of dry sand
L latent heat of water vaporization
P matrix defined by Eq.(6-b)
q unknown heat flux
s sum of weighted square error
t time
T1 temperature of castings
T2 temperature of dry sand zone
T2i initial temperature of dry sand
Tc vaporization temperature of water

U weighting matrix
W moisture content in vapor transportation zone
W0 initial sand moisture content
W weighting matrix
X sensitivity coefficient matrix
Y measured system response vector
GREEK
ζ1 position of vaporization interface
ζ3 position of condensation interface
α2 thermal diffusivity of dry sand
ρ2 density of dry sand
β unknown parameter vector
η calculated system response vector
µ parameter vector known from prior

information
SUBSCRIPTS / SUPERSCRIPTS
1 parameters of castings
2 parameters of dry sand zone
3 parameters of vapor transportation zone
4 parameters of external zone
e element
k iteration index

INTRODUCTION
Heat flux is one of the most important parameters

influencing the process of solidification of metal in a green sand
mold. Many casting defects, such as scab, vein, buckle, rat tail,
spalling etc, are caused by excessive heat flux. Precise
determination of the heat flux is a key factor in realizing
precision casting.

The problem of heat flux determination in green sand is
complicated by the presence of three zones formed when molten
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metal is poured into the mold. Moisture in the sand mold near
the metal-sand interface flashes into vapor and the vapor moves
away from the metal and penetrates further into the sand mold.
If the sand mold is thick enough, the vapor will condense where
the temperature is low. Thus the entire sand mold has three
distinct regions: the dry sand zone, the vapor transportation
zone, and the external zone. In each zone, the temperature
distribution is quite different.

Many authors (Tsai, et al. (1986), Marek (1963), Marek
(1965), Chowdialh (1973), Draper (1969)) have investigated
the zonal models in sand to predict the transient temperature
distribution and the movement of vapor. However, as far as the
authors can determine, there are no papers solving the Inverse
Heat Conduction Problem to find the heat flux using a zonal
model.

In this paper, the authors develop an inverse heat
conduction problem algorithm to find the surface heat flux in
green sand molds. In the following sections, the forward solver
is reviewed. Next, this forward solver is incorporated into the
inverse algorithm which uses Gauss’s iterative minimization
scheme. The sensitivity coefficients are directly calculated from
a sensitivity model developed by the authors using the finite
element method. A numerical experiment is conducted and it is
shown that when the sensor is located at the surface, this
method gives an excellent result. If the sensor is located close to
the surface, this algorithm can give reasonable results.

THE FORWARD MODEL
As the first step to construct the inverse problem

algorithm, let us consider the mathematical description of the
forward problem.

The zonal model is stated in detail by Tsai, et al. (1986).
Figure 1 shows the different regions in green sand. The analysis

for each of these zones is described below.

External
Zone
(Zone 4)

Vapor
Transportation Zone
 (Zone 3)

Dry Sand
Zone
(Zone 2)

s ζ3(t)

Casting Metal-mold
interface

Vaporization
interface

Condensation
interface

ζ1

x

Fig 1 Schematic representation of different zones in
green sand

In zone 1, the molten metal will solidify and release heat.
This heat release is not important in the inverse algorithm, so its
description is omitted here.  Details are available in Tsai, et al.
(1986).

In zone 2, the dry sand zone, simple one dimensional
transient heat conduction problem must be solved, but the
location of the right boundary location will change with time.
The mathematical description for this zone is:
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In zone 3, the vapor transportation zone, the temperature
remains constant and the governing equation in this zone is
simple,

cTT Ζ3 , (2)
where cT is vaporization temperature of water.

The water content in the vapor transportation zone is
assumed to be:
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Using an energy balance equation, the vapor transportation

interface can be calculated from
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The external zone can be treated as a semi-infinite region.
However, it is not important in the inverse algorithm as the
sensor can not be located in this zone. The reason for this will
be given later in this paper.

THE INVERSE METHOD
The inverse problem scheme is presented in the Fig 2,

where transient heat conduction in the dry sand zone is
considered. It is assumed that all the boundary conditions are
known except the mold/cast interface heat flux, which is a
function of time and which should be identified. It is also
assumed that the thermophysical properties, which may be
temperature dependent, are exactly known. Several
thermocouples may be located in the mold to measure the
transient temperature at those points. The results of these
measurements are used to solve the inverse problem to find the
heat flux between castings and the dry sand mold.

The objective function used in Gaussian iterative updating
method ( Beck and Arnold, 1977) is

)()()]([)]([ βµUβµβηYWβηY ϑϑΗϑϑΖ
TTS (5)

Where S is the weighted sum of square errors, W and U are
weighting matrix, Y is the measurement temperature and η(β) is
the   calculated   response  (temperature)   using   the   estimated
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Fig 2 Graphic representation of the inverse problem

parameters (heat flux). Taking the derivative of Eq.(5) with
respect to the unknown parameters and expanding the response
with a Taylor’s series and introducing the sensitivity coefficient
results the following iterative formula to correct the initial
guess,

)]()([ )()()()()1( kkTkk(k)k bµUηYWXPbb ϑΗϑΗΖ
Η (6-a)

ξ ζ UWXXP ΗΖ

ϑ )()(1)( kkTk (6-b)
The sensitivity coefficient takes the following form:

�

�
�
�
�
�

�

�

→�
×�

→�
×�

→�
�

�
�

γ

	
	
	
�

�
�
�

�

�

γ

p

nn

p

npn

p
η

β
η

XX

XX

�

���

�

�

���

�

1

1

1

1

1

111

X (7)

In this specific case, η is replaced by T, the computed
temperatures from Eq.(1) and β is replaced by q, a vector of

},,,{ 21 rqqq �  components over “r” time steps. The result is:
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Assuming 021 qqqq r ΖΖΖΖ �  over the “r” future time
steps (Beck et al,1985). In each time step, only one unknown
heat flux is estimated and all the heat fluxes are estimated
sequentially. By doing this, Eq(8) can be written as
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SENSITIVITY COEFFICIENTS ANALYSIS
Sensitivity coefficients are obviously important parameters

in the IHCP. In this section, the finite element method to find
the sensitivity coefficients is derived directly from the
mathematical description of the governing equation in the dry
sand zone. The governing equations for heat transfer in the dry
sand zone are given in Eq (1).

Taking the derivative of equation (1-a) through (1-c) with
respect to 0q , and assuming the constant thermal physical
properties in each element, but they will change from element to
element (Chen, 1997), we have
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The Galerkin method of weighted residuals expression for

the sensitivity coefficient is
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By assuming kx
(e) and Cx

(e) constant in each element and
integrating by parts, the following finite element equations
result
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The sensitivity coefficient is solved directly and the results
are shown in Fig 3 and Fig 4. Fig 3 shows sensitivity
coefficients for sensors at 0 mm, 1 mm, 3 mm, 5 mm and 10
mm below the surface and a heat flux of 20,000 W/m2. Fig 4
shows sensitivity coefficients for sensors at 0 mm, 1 mm, 3 mm,
5 mm and 10 mm and a heat flux of 200,000 W/m2. At a
specific time, the sensitivity coefficient at the left surface where
heat is added is larger than anywhere else. For sensor locations
farther away from that surface, the sensitivity coefficient will
decrease.
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Figure 3 sensitivity coefficient at different sensor
locations when q=20,000W/m2
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Figure 4. sensitivity coefficient at different sensor
locations when q=200,000W/m2

A very important phenomena inherent to moisture-bearing
porous media is that the sensitivity coefficient will be zero for
some time for sensor locations away from the heated surface.
This is seen in Fig 3 and 4 for the subsurface sensors. It makes
the inverse algorithm very challenging. The reason for this
phenomenon is the presence of the vaporization region that
masks the effect of surface heat flux. As heat is added continu-
ously to green sand, the vaporization interface and the

condensation interface will move with time. The locations of
these fronts at each time are also shown in Fig 3 and 4.

The reason for the initial zero value of X for subsurface
sensors can be shown as follows.

At first, the sensor will be in the external zone. In this zone,
the mathematical descriptions are :
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It contains no information about the left boundary heat flux.
The derivative of the above equations with respect to 0q  is
zero, this means the temperature is independent of the heat flux,
so 

0qX  is zero.
As the condensation interface moves and reaches the sensor

location, the sensor will fall into the vapor transport zone. In
this zone, no matter how large the heat flux is, the temperature
still remains constant. Its value is equal to the vaporization
temperature of water, so that the temperature is also
independent of the heat flux added at the left boundary and the
sensitivity remains zero. Only after the vaporization interface
passes over the sensor will the sensor be located in the dry sand
zone and from then on, the sensitivity will be non-zero and it
will increase with time. Fig 3 and 4 clearly show this. If there is
no sensitivity, then there is no information about the heat flux.

In summary, the best place for the sensor to be located is on
the active surface. If the sensor is located below the surface,
there will be a period of time (proportional to the depth of the
sensor) when no information about heat flux is available. There
will be loss of information of the heat flux until the sensor falls
into the dry sand zone.

ESTIMATION PROCEDURES
The heat flux components are estimated sequentially

according to the following algorithm.
1. assume an initial guess for q0.
2. use equation (1-d) to find the domain length.
3. use the calculated first domain length and the assumed heat

flux to solve the governing equations (1-a) to (1-c) to find
temperature at the left surface.

4. solve the sensitivity coefficient equations (9-a) to (9-c) to
get the sensitivity coefficients

5. using Gaussian iterative method―equations (6-a) and (6-b)
to solve new heat flux

6. repeat process 2 to 5 until ∆q is “very small”.
7. increase time by one time step, repeat process 1 to 6

sequentially to estimate all the heat flux components each
time.
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TEST CASES AND RESULT
To illustrate the validity of the present inverse algorithm

with phase change for moisture-bearing porous medium in
identifying the heat input at the surface from the knowledge of
the temporal temperature recordings, we consider a specific
example where the heat flux at the boundary is given as:
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where the unit for time is second and the unit for heat flux is
W/m2. This heat flux is used with the forward model of Tsai, et
al (1986) to generate some “artificial data”. This data is
subsequently used in the inverse algorithm, and the results of
the inverse solution can be compared back to the original heat
flux (Eq. (13)).

The objective of this article is to show the validity and
accuracy of the algorithm developed above to estimate the
unknown heat flux with no prior information on the functional
form of the unknown quantities. Five cases are presented here.
The first two are for cases that the sensor is located at the left
boundary, the last three are for the case that the sensor is
located at the subsurface.

In order to compare the result for situations involving
random measurement errors, we assume normally distributed
uncorrelated errors with zero mean and constant standard
deviation. Both the simulated exact and inexact measurement
data can be expressed as

∂″ΗΖ exactYY
where Yexact is the solution of the direct problem with an exact
heat flux given by equation (13), σ is the standard deviation of
the measurement, and ω is a random variable. The variable ω is
from a normal distribution with zero mean and unity variance
and is generated by a subroutine named RANDOM.C (Press et
al., 1993).

In all these tests, the initial temperature is 25 ˚C and the
initial water content is 5%.

For test case 1, there is no error added (σ=0). The sensor is
located at the surface where the heat acts. Fig 5 shows the
results from this test case. It can be seen from Fig 5 that the
estimated data are in very good agreement with the exact heat
flux except some loss of q near the peak.

In test case 2, 5% random error �
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 is added

and the sensor is also located at the surface. The results are
shown in Fig 6. The estimated data is also in good agreement
with the exact heat flux although there is some obvious
departure from exact data around the peak heat flux. This
deviation is inherent to the sequential estimation and can be
reduced to some extent by the used of smaller “r”, provided that
stable results can be achieved. From the results of these two test
cases, one conclusion that can be made is that if the sensor is

located at the surface, this algorithm can work well in
identifying the unknown heat flux in green sand.

However, in practice, it is difficult to attach a thermal
sensor integral to the surface of the green sand. The effect of
subsurface sensors on the estimated heat flux is investigated
next.

Fig 7 shows the results when the sensor is located at
0.5 mm below the active boundary and the initial guess for the
unknown heat flux is 9000 W/m2. Also shown for reference in
Fig 7 is the temperature input for the inverse algorithm. From
Fig 7 one can see a peculiar phenomena. During the first 7
seconds, the heat flux remains constant and is equal to the initial
guess. As stated in the sensitivity analysis section, during this
period,  the  sensor  is located first in the external zone and then
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Fig 5. Test case 1, heat flux using exact data with r=3
and time step from data=1.0 s
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Figure 6. Test case 2, heat flux using data with
simulated error (5%), r=5, time step in data = 1.0 s
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in the vapor transportation zone. The sensitivity coefficients are
zero in both of these two zones. Since the sensitivity
coefficients are zero, we have no information about the heat
flux, so we can not make adjustment to the initial guess until the
sensitivity coefficients are nonzero.

The time requirement for the sensor to appear in the dry
sand region can be observed from the temperature data in Fig 7.
This time is about 7 seconds. Note that the time required for the
“sensor” in the model to appear in the dry sand zone is also
about 7 seconds, as evidenced by the heat flux in Fig 7. So one
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Fig 7 Test case 3. Heat flux using exact data with
r=4 and time step from data =1.0 second, sensor
located at 0.5 mm from the left surface, initial guess
9000 W/m2
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Fig 8 test case 4. Heat flux using exact data with
r=4 and time step from data =1.0 second, sensor
located at 0.5 mm from the left surface, initial guess
6000 W/m2

can conclude that the initial guess for the heat flux
( 2

0 W/m 9000Ζq ) is appropriate for this case. Fig 7 shows that
the estimated data is in good agreement with the exact heat flux
after the sensor is located at the dry sand (7 seconds later).

Fig 8 shows the results when the sensor is located at 0.5
mm below the active boundary and the initial guess is 6000
W/m2. Using this guess, it takes too long for the sensor to
appear in the  dry sand zone. From the simulated temperature
distribution in Fig 8, the sensor will be located at the dry sand
zone after 7 seconds, but from the calculated heat flux history,
the sensor will be not appear in the dry sand zone until time
equals 13 seconds. This suggests that the initial guess of 6000
W/m2 is too low for this case.

Fig 9 shows the result of the case when the initial guess
(12000 W/m2) is high. It is clear that the initial guess is too
large because the calculated time for sensor to be located at the
dry sand zone is 4 seconds, but the time for sensor to be located
at the dry sand zone from the temperature data is 7 seconds.
Also shown in Fig 9 is the existence of a second flat region for
the estimated heat flux. The existence of this flat region is
because of the difficulty of convergence after the initial guess is
too high.  For these overly high (case 5) or overly low (case 4)
initial guesses, there exists large difference between the
estimated result and the exact heat flux. These initial guesses
can not be used to identify the surface heat flux in green sand.
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Fig 9 Test case 5. Heat flux using exact data with
r=4 and time step from data =1.0 second, sensor
located at 0.5 mm from the left surface, initial guess
10000 W/m2

From the results of the 5 test cases, we can certify the
accuracy of the sensitivity analysis and the validity of the
inverse algorithm developed in this paper. When the sensor is
located at the surface, it is not difficult to estimate the boundary
heat flux and we lose no information about the heat flux history.
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But when the sensor is located at the subsurface, there exists a
“blind time” when there is no information about the heat flux.
The length of this “blind time” is proportional to the depth of
the sensor. This makes the inverse algorithm complicated and
the result depends heavily on the initial guess. A too high or too
low initial guess can not be used to track the right heat flux
history, but good results still can be achieved if the initial guess
is chosen carefully according to the criteria given in this paper.

CONCLUSION
A zonal model of the moisture movement in moisture-

bearing sand is incorporated into an inverse solution procedure
to determine the mold/metal interface heat flux. The inverse
method uses an iterative Gaussian update algorithm to estimate
the heat flux.

A sensitivity analysis shows that the sensors must be
located near the surface. A numerical experiment confirms the
utility of this algorithm as the result is in good agreement with
the exact data. The choice of initial guess for the algorithm is
important and the magnitude of the initial guess should be
chosen by considering the temperature data.
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