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ABSTRACT

The vibrating elastic membraneis a classicalproblemin
MathematicalPhysicswhich arisesin a wide variety of physi-
cal applications.Sincethe geometryof the membranes usually
well definedfor aparticularproblem determinatiorof thenature
of any nonhomogeneitys critical. The eigervaluesof particu-
lar membranesre often quite accessiblexperimentallyandso
amethodfor thedeterminatiorof the nonhomogeneitpasedn
theavailableeigervaluess of practicalimportance Projectionof
theboundaryalueproblemandits coeficientsontoappropriate
vector spacedeadsto a matrix inverseproblem. Althoughthe
matrix inverseproblemis of nonstandardorm, it canbe solved
by afixed-pointiteratve method.Corvergenceof themethodfor
arectangulamembrands discussedndnumericalevidenceof
thesucces®f themethodis presented.
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Introduction

The modesof vibration or eigernvaluesof ary physicalob-
ject dependon a variety of factors. Typically the geometryand
boundaryconditionsgoverninga particularobjectcanbe deter
mined by inspectionof the object and its circumstances.For
example,whenaviolin stringis pulledtautoverits bridge,it can
betreatedasa one-dimensionadtring of fixedlength.A drumis

typically describecby a clampedmembranevhosegeometryis
describedy the shapeof the drum. Thin platesandshellsalso
have specificgeometrieandboundaryconditionsunderdifferent
circumstances.

Considerthe situationwherethe geometryboundarycondi-
tions, andfrequenciesr eigervaluesareknown andthe param-
etersgoverningthe materials constitutionaresought.This class
of problemsare known asinverse spectal problems. s it pos-
sible to recover the parametershatled to thoseeigervalues?If
aninfinite numberof eigervaluesis available, it may be possi-
ble. In generaljf thenumberof eigervaluesis finite, theanswer
is no. However in certaincircumstanceg is possibleto recover
anapproximatiorto theunknovn nonhomogeneityalthoughthis
recovery may not beunique.

We beggin by posingthe inverseeigervalue problemfor the
clampedmembraneA matrix inverseeigervalueproblembased
onthisis formulated.Thesolutionof the matrix inverseproblem
via a fixed-pointmethodis discussed.A numberof numerical
examplesarepresented.

The nonhomogeneous membrane inverse problem
Considera clampeddrum or nonhomogeneousiembrane

overa 2-dimensionategion Q. Thevibrationsof the membrane

satisfytheboundaryalueproblem

—0(pOu) +qu=Aru, (X,y) € Q, 1)
u(x,y)=0 on 0Q. (2)
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The readeris referredto Love (1944) or Courant& Hilbert
(1953)for further details. We seekto recover the unknown pa-
rameters, g,r from the eigervaluesof (3-4).

There is extensve literature for one-dimensionainverse
spectralproblems,McLaughlin (1986). Much of the literature
on the two-dimensionaproblemconcerngherecovery of a po-
tentialg whenp = r = 1. Thefirst generaluniquenessesultfor
the two-dimensionalpotential problemwas not discoveredun-
til 1988 when Nachman Sylvesterand Uhimann(1988) estab-
lishedthe g is uniquelydeterminedy the Dirichlet eigervalues
andthe normalderivativesof the eigenfunctionson the bound-
ary. Barcilon (1990) shaved that when Q is the unit disk and
the boundaryconditionsare of Neumanntype (i.e. the normal
derivative is zeroon 0Q), the potentialq canbe recoveredfrom
the eigervaluesand eigenfunctiondata. El Badia (1989)estab-
lisheda uniquenessesultfor g independentf onedirectionon
the unit square. Seidman(1988) establishechn approximation
methodfor the recovery of rotationally symmetricq. Knobel &
McLaughlin (1994) extendeda one-dimensionatechniquedue
to Hald (1978)to the two-dimensionatasewith symmetricpo-
tential.

In this paper we seekto generalizeHald’s techniquefurther
to the recovery of a positive densityon a known rectangleR =
(0,11/a) x (0,m). Thatis, giventhe eigervaluesof the boundary
valueproblem,

—Au=Apu onR 3)
u =0 ondR, (4)

we seekto recover the densityfunction p(x,y) > 0. The density
p is assumedo be symmetricwith respecto the midlinesof the
rectangle. Ultimately, the goalis to apply this approachto the
generabroblemin futurework.

Formulation of the Matrix Inverse Problem

Given the lowestm eigervalues{Ai(p) }i"; of the bound-
ary valueproblem(3-4), we seekto recover an approximationp
to the unknavn symmetricdensityp. With finite data,it seems
pragmaticto seeka finite-dimensionafframewnork in which to
proceed.Of particularinterestis the methoddevelopedby Hald
(1978) basedon the corversionof the one-dimensionainverse
potentialproblemto afinite dimensionamatrixinverseproblem.

Hald consideredhe one-dimensiongbotentialproblem

—U'+qu=2Au, 0< X< T, (5)
u(0) =u(m =0, (6)

for potentialsg evenwith respecto the midpointx = 1/2. Using
the eigenfunctionof theq =0 Case,{sinjx}'j‘zl, asa basisfor

an n-dimensionalvector spaceV, the eigenfunctionu was pro-
jectedontoV. Usingthe evenfunctions{costx};“=1 , asabasis
for an m-dimensionalector spaceW, the unknovn potentialq
wasprojectedontoW. Usingtheseprojectiondn aRayleigh-Ritz
formulationof the boundaryvalueproblem(3-4), Hald arrivedat
thematrix inverseproblem:

Given scalars{Ai }i, , find a vectora € R™ suchthat
thematrix A(a) givenby

m m
ajj(a) :i26ij + Z akf/ cos2kxsinixsinjxdx (7)
& 1o

has{Ai}!"; asits msmallesteigervalues.

Thesolutiona of the matrix inverseproblemyields an approxi-
mation

G(x) =2 g g cos2kx (8)
k=1

to theunknown potentialg.

This methodwas extendedto the two-dimensionalpoten-
tial problemby KnobelandMcLaughlin(1994). Following their
work closely we canextendthe methodto the densitycase.The
eigervaluesandL?-orthonormakigenfunction®f thecasep = 1
aregivenby

A = a?n? + (9)

a(cy) = 22 sin(ansin(my) (10)

wheren; andm; arepositive integers,orderedsuchthat
O<AM<A<... 4

Theset{@}, formsabasisfor ann-dimensionalvectorspace
V. Theeigenfunctioru is projectedontoV.

In orderto take advantageof the structureof this particular
problem,let us reformulatethe boundaryvalue problem(3-4).
Lety= 1/A andconsiderinsteadthe boundaryalueproblem

p(x,y)Ju= —yAu onR (11)
u=0 onoR, (12)

The projectionU of u onto the n-dimensionalvector spaceV
leadsto thefinite-dimensionamatrix eigervalueproblem

DU = yAQU
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where U is an n-vector A9 = diag(AS,...,A%), and Dj; =
JrP®®;. Thek-th eigervalueof this systemgivesa lower bound
approximatiorto yi(p)-

We seekapproximationsto symmetric density functions
which aresmallperturbation®f p = 1. Let usconsider

m
pOoy) =1+r(xy) =1+ Ziaiwi (xY) (13)
=
where{y; }{; arethesymmetricL® functions

wi(x,y) = Z—‘T/[ésin((Zni —Dax)sin((2m —1)y)

wheren;, my arethe integersusedin (9). Essentiallywe areus-
ing {Yi}, asabasisfor anm-dimensionalectorspace/N and
projectingp — 1 ontoW.

Useof this projectionleadsto the finite-dimensionamatrix
inverseproblem:

Givenscalars(y }; , find avectora € R™ suchthatthe
matrix B(r) givenby

bij(a) = )\—10 (6”- +kzlak/ka<n<PJ> (14)

has{y }/_, asits mlargesteigervalues.

Thesolutiona of thematrixinverseproblemyieldsthe approxi-
mation(13) to the unknown densityp.

Solution of the Matrix Inverse Problem

Generallyspeakingmatrix inverseproblemshave multiple
solutions. In fact, whenm = n theremay be asmary asn" so-
lutionsto the problem. Thereare mary algorithmsfor the solu-
tion of the specialcasesof the inverseeigervalue problem,see
Chu’'ssurwey article(1998).Ji (1998)developedanalgorithmfor
the constructionof all of the solutionsby treatingthe problem
asa multi-parameterigervalue problem. For examplesof the
mary Newton-basedterative methodshathave beendeveloped,
seeBiegler-Konig (1981) and Friedland,Nocedaland Overton
(1987). In the casewherem < n, least-squaréormulationsare
typically usedto generalizentheralgorithms.

The approachusedhereis to reformulatethe problemasa
systenof non-linearequationandto useafixed-pointapproach.
By doing so, we restrictoursehesto the recovery of small per
turbationsof a constandensityp = 1, but guaranteeiniqueness
in therecovery. By writing the non-linearsystemin fixed-point
form B = F(B), existenceof smallsolutionsandcorvergenceas

n — oo of the matrix inverseproblemto solutionsof the inverse
boundaryvalue problemsoriginally posedcan be established.
Proofof the corvergenceof this algorithmwill appeain amore
generalframewnork (McCarthy 1999). The relevantassumptions
arestatecherefor completeness.

Let Bj bethesub-matrixof B formedby deletingthe jth row
and jth columnfrom B, andlet V; bethe (n— 1)-columnvector
formedfrom the jth columnof B by deletingbj;. Thenthematrix

B— bijJ-T
Vi B

is similarto B andhasthesameeigervalues.For theremaindeof
this paperwe shallassumehat the eigervaluesof the boundary
value problem(3-4) with p = 1 are simple. Thusthe minimal
eigervalueseparatiordefinedby

. 1
= mn |S5-—
Y 1si7éj|sm+1 A? )\?‘
is strictly positive,i.e.v > 0. If
|all, < vy and 0< |y 1 <7
2SN 1 = i—50|<75
4,/a A0 T2

thenit canbeshavn that(B; — ;) is nonsingularlt follows that
yj is aneigervalueof B when

(bj;—v)) =V (Bj—y)™'V;=0, j=1..m (15

Thesolutionof the matrix eigervalueproblem(14) satisfies

oa=W (A (M +G(a))-1) (16)
where
Wij = JrUj#F
NS, = diag(AS,...,A2)
M= (Yl:---;Ym)T
G: (G]_,...,Gm)T

Gj(a) =V (o) (Bj(a) —v}) V(@)
In orderto establishexistenceof a solution (14), the prob-

lem mustbe restrictedto a sufliciently small ball in R™ thatthe
function

F(a) =W (AN(T +G(a)) - 1) 17)
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mapsontoitself andis a contraction.If

_ Oomy—1 L )\_‘f
7= ||2_128||w 1||2a\/_( %)V

thenF : B; — Bs whereB; is aball of radiuso. If

1 1
K= ( + ) <1
M\ 29 32w,

then F is also a contraction. It should be notedthat for the

choiceof Y andhencethe matrix W in this paper thesecondi-
tions amountto the numberof eigervaluesbeingmeasurednd
hencethe numberof termsbeingrecoveredfor the approxima-
tion (13) beingsmall. In factwe mustrestrictm < 8 in orderto

guaranteghe existenceanduniquenessf small solutionsto the

matrix inverseproblem.

Eachmatrix inverseproblemhasa solution a" associated
with it that depend=on the dimensionn of the underlyingsys-
tem. Corvergenceof thesesolutionscan be proved underthe
assumptiorthatn is largeenough.

Numerical Results

Each of the following examplesis on the rectangleR =
(0,71/a) x (0,m) with a = +/0.7 which for the boundaryvalue
problem (13) with p = 1 hasa minimal eigervalue separation
v > 0.1 for thefirst 56 eigervalues. The computationsvereall
carriedout with n = 64 basisfunctionsfor the vector spaceV
giving 64 x 64 matrices.The numberof basisfunctionsmfor the
vectorspacelV is variedin orderto show the effectsof allowing
thetheoreticalassumptionguaranteeingur contractve mapto
breakdown. Let

dn(x,y) = h?— (x- %)2_4@_ E)2

anddefine

[ e /0 if d(x,y). > 0
rh(x,y) = { 0 otherwise

ThedatawasgeneratedisingMatlab's PDE Toolboxwhich uses
afinite elemenmethodwith apiecaviselineartriangulationand
therecovery algorithmwasimplementedn Matlah

Example 1
We seekto recover anapproximatiorto thedensity

P1(X%Y) = 1+ rayg(X,y)

from thefirst m eigervaluesof the boundaryalueproblem(13).
Figure 1 shaws the function p;. The eigervaluesof (3-4) with
p = p1 aregivenin Tablel. Figures2, 3 and4 shav therecovery
of p1 from 4, 8 and16 eigervaluesrespectiely. Notice thatthe
useof fewer eigervaluesgivesthebetterresultsincem < 8 guar
anteesexistenceand uniquenes®f small solutionsto the ma-
trix inverseproblem. Increasingm amplifiesthe errorin the ap-
proximation.Figure5 shavs the bestpossibleprojectionby this
methodby shaving p1 = 1+ f wheref is the truncatedrourier
sineseriesof r, the perturbatiorof thedensityfrom 1.

15

Figure 1.

The function P1

1 “““‘““““'//’"/'Il 0““\\\ Y

Figure 2. The recovery of P1 using 4 eigenvalues
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Figure 3. The recovery of P using 8 eigenvalues

Figure 4. The recovery of P1 using 16 eigenvalues

Example 2
We seekto recover anapproximatiorto thedensity

pZ(XJ y) =1+ IF3TI/8(X7 y) - 825rn/4

from thefirst m eigervaluesof the boundaryalueproblem(13).
Figure 6 shaws the function p,. The eigervaluesof (3-4) with
p = p2 aregivenin Tablel. Figures7, 8 and9 shav therecovery
of p2 from 4, 8 and16 eigervaluesrespectiely. In this casethe
highernumberof prescribeckigervaluesgivesthe betterresult.
Both recoverieslocatethe perturbationput neitheronerecovers
theamplitudeof the perturbationwvell. Figure10 showvsthebest
possibleprojectionby this methodby shaving p2 = 1+ f where
f is thetruncatedrourier sineseriesof r, the perturbatiorof the
densityfrom 1.

Figure 5. 1+ F, where f is the Fourier sine series of p; — 1 with 8 terms

Figure 6. The function P2

Conclusions

Therecoveryof anapproximatiorto asymmetricdensityfor
anonhomogeneourembranés possiblegivenalimited number
of eigervalues. It may be possibleto apply the methodto non-
symmetricdensitiegshroughan appropriatechoiceof the vector
spaceW. The succesf the methodrelies on the assumption
of asmall perturbatiorfrom the densityp = 1. Theissueof the
noneistenceof multiple eigervaluesfor thep = 1 caseremains
unaddressed&nobelandMcLaughlinreliedheavily onthesym-
metry of g to addresshis issue,andit is anticipatedthat their
resultcanbeappliedto this problem.
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Table 1.

Eigenvalue Data

io(m) AP Ai(pr)  Aip2)
1 1,2) 1.7 1.4860 1.7250
2 (1) 38 35696 3.6724
3 1,2) 4.7 45737 4.6255
4  (22) 68 67400 6.7509
5 3,2) 7.3 6.7425 7.419
6 (1,3) 9.7 90075 9.9915
7 (3,2) 10.3 10.1307 10.2309
8 (23) 11.8 10.7096 11.5009
9 (4,1) 122 11.8523 12.0626
10 (42) 152 145549 15.0285
11 (3,3) 15.3 14.9412 15.8789
12 (1,4) 167 155623 16.1735
13 (5,1) 185 17.1382 18.4452
14  (24) 188 18.3369 18.4939
15 (4,3) 20.2 19.1837 20.1705
16 (52) 215 20.9599 21.3119

tational symmetrylnverseProblems\ol. 4, pp. 1093-1115.
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