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D QG VR PH QXPH ULF D O H [ D PSOH V D UH SUH VH QWH G�
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)URP D FRPSXWDWLRQDO SRLQW RI YLHZ� WKH NH\ IHDWXUH RI

UHJXODULVLQJ DOJRULWKPV �5$V� LV WKDW WKH\ SURYLGH WKH VWDEOH

LQYHUVLRQ RI LOO^FRQGLWLRQHG PDWULFHV� )URP D PDWKHPDWLFDO

SRLQW RI YLHZ� WKLV LQYHUVLRQ FDQ EH WUHDWHG DV WKH SUREOHP

RI WKH EHVW DSSUR[LPDWLRQ RI DQ XQERXQGHG OLQHDU RSHUD�

WRU E\ ERXQGHG OLQHDU RSHUDWRUV� 6�%� 6WHFKNLQ �6WHFKNLQ�

����� ZDV WKH pUVW WR IRUPXODWH DQG VROYH ULJRURXVO\ WKLV

SUREOHP� 7KH FRQVHTXHQW GHYHORSPHQWV ZHUH EDVHG PDLQO\

RQ WKH YDULDWLRQDO DSSURDFK WKDW SUHYDLOHG LQ WKH WKHRU\

RI LOO^SRVHG SUREOHPV IRU WKH ODVW WKUHH GHFDGHV� $OWKRXJK

WKH JHQHUDO VSHFWUDO PHWKRG IRU FRQVWUXFWLQJ WKH UHJXODU�

LVLQJ RSHUDWRUV IRU OLQHDU LOO^SRVHG SUREOHPV ZDV SURSRVHG

PRUH WKDQ WKLUW\ \HDUV DJR �%DNXVKLQVN\� ������ LW ZDV QRW

ZLGHO\ XVHG LQ WKH VFLHQWLpF FRPPXQLW\� 3HUKDSV WKLV ZDV

PDLQO\ EHFDXVH RI WKH HTXLYDOHQFH RI WKH o^DSSUR[LPDWLQJ

IDPLOLHV RI RSHUDWRUV REWDLQHG IURP ERWK WKH YDULDWLRQDO DQG

VSHFWUDO DSSURDFKHV� 7KLV HTXLYDOHQFH WDNHV SODFH LI D SUL�

RUL LQIRUPDWLRQ DERXW WKH SUREOHP WR EH VROYHG LV XVHG LQ

WHUPV RI WKH WULSOH �$� \r� r�� ZKHUH $ LV WKH JLYHQ RSHUDWRU�

\r GHQRWHV WKH PHDVXUHG GDWD� DQG r ! � LV WKH OHYHO RI HU�

URUV LQ WKH GDWD� ,I WKH RWKHU W\SHV RI D SULRUL LQIRUPDWLRQ

DUH XVHG� WKHQ HLWKHU WKLV HTXLYDOHQFH GRHV QRW WDNH SODFH

RU XVLQJ WKH YDULDWLRQDO DSSURDFK PHHWV VHULRXV GLrFXOWLHV�

,Q WKLV FDVH� WKH VSHFWUDO DSSURDFK EHFRPHV WKH HoHFWLYH

QXPHULFDO WHFKQLTXH IRU VROYLQJ PDQ\ OLQHDU LOO^SRVHG SURE�

OHPV� ,Q 5HIV� �$UVHQLQ HW DO�� ������ �$UVHQLQ HW DO�� �����

WKH FRQFHSW RI ORFDO UHJXODULVDWLRQ ZDV SURSRVHG RQ WKH ED�

VLV RI WKH VSHFWUDO DSSURDFK� DQG LQ 5HI� �7LNKRQRY HW DO��

����� WKLV FRQFHSW ZDV VXFFHVVIXOO\ DSSOLHG WR FRQVWUXFWLQJ

WKH 5$V IRU FRPSXWHU WRPRJUDSK\�

7KH SXUSRVH RI WKLV QRWH LV WR SUHVHQW UHJXODULVHG IXQF�

WLRQDO FDOFXOL �5)&� DV WKH SUDFWLFDOO\ HoHFWLYH QXPHULFDO

WHFKQLTXH IRU VROYLQJ OLQHDU LQYHUVH SUREOHPV RI SDUWLFXODU

LQWHUHVW WR HQJLQHHULQJ DQG UHPRWH VHQVLQJ�

%$& .*5 2 81 ' 0$7(5 ,$ /

/HW + EH D FRPSOH[ VHSDUDEOH +LOEHUW VSDFH� DQG $ EH D

OLQHDU RSHUDWRU DFWLQJ LQ +� )RU EUHYLW\� OHW XV DVVXPH WKDW

WKH RSHUDWRU $ LV VHOIDGMRLQW DQG SRVLWLYH GHpQLWH� 2WK�

HUZLVH� RQH VKRXOG FRQVLGHU HLWKHU LWV SRODU GHFRPSRVLWLRQ

$  ,�$e
$�� �� ZKHUH , LV D SDUWO\ LVRPHWULF RSHUDWRU DFW�

LQJ IURP '�$e� RQWR ,P�$�� RU WKH RSHUDWRU $e
$� /HW XV

pUVW DVVXPH WKDW WKH RSHUDWRU $ LV ERXQGHG� ,Q WKLV FDVH� LW

IROORZV IURP WKH VSHFWUDO WKHRUHP �%HUH]DQVN\� ����� WKDW

WKHUH H[LVWV D UHVROXWLRQ RI WKH LGHQWLW\ ($�y� RQ WKH �^

DOJHEUD RI %RUHO VXEVHWV RI WKH UHDO D[LV� VXFK WKDW WKH RSHU�
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DWRU IXQFWLRQ I�$� FDQ EH UHSUHVHQWHG DV D VSHFWUDO LQWHJUDO

I�$�  

= N$N

�

I�y�G($�y�� ���

ZKHUH WKH IXQFWLRQ I�y� EHORQJV WR WKH DOJHEUD $ RI

ERXQGHG IXQFWLRQV ZKRVH GRPDLQ LV D FHUWDLQ VHJPHQW FRQ�

WDLQLQJ WKH VSHFWUXP RI WKH RSHUDWRU $� ,W LV WKHUHIRUH QDW�

XUDO WR GHpQH D IXQFWLRQDO FDOFXOXV IRU WKH RSHUDWRU $ DV

IROORZV�

7KH PDS I�y� � I�$�� I�y� � $� I�$� � / �+�� WKDW

WUDQVIRUPV WKH LGHQWLW\ IXQFWLRQ I�y� u � WR WKH LGHQWLW\

RSHUDWRU� DQG WKH IXQFWLRQ I�y�  y WR WKH RSHUDWRU $ LV

VDLG WR EH D IXQFWLRQDO FDOFXOXV IRU $�

,W LV FOHDU WKDW WKH IXQFWLRQDO FDOFXOXV GHWHUPLQHG E\

WKH VSHFWUDO LQWHJUDO ��� JHQHUDWHV D KRPRPRUSKLVP RI $ WR

WKH DOJHEUD / �+� RI ERXQGHG RSHUDWRUV LQ WKH +LOEHUW VSDFH

+ � ,W LV DOVR FRQYHQLHQW WR FRQVLGHU WKH LQYHUVH SUREOHPV LQ

WHUPV RI DQ RSHUDWRU HTXDWLRQ RI WKH pUVW NLQG

$[  \� [� \ � +� ���

)RU EUHYLW\� ZH DVVXPH WKDW WKH PDS $ LV D RQH^WR^RQH RS�

HUDWRU� ,Q WKLV FDVH� WKHUH H[LVWV WKH LQYHUVH $b� RI WKH RSHU�
DWRU $� EXW LW LV� JHQHUDOO\ VSHDNLQJ� XQERXQGHG� 2QH FDQ�
KRZHYHU� GHpQH WKH IXQFWLRQDO FDOFXOXV IRU WKH RSHUDWRU $b�

E\ DQDORJ\ ZLWK WKH GHpQLWLRQ LQGLFDWHG DERYH� 6SHFLpFDOO\�
OHW XV FRQVLGHU D VHW RI DOO IXQFWLRQV I�y� WKDW DUH PHDVXU�
DEOH ZLWK UHVSHFW WR DQ DOJHEUD RI VXEVHWV RI WKH UHDO D[LV
DQG DOPRVW HYHU\ZKHUH pQLWH ZLWK UHVSHFW WR DQ RSHUDWRU^
YDOXHG PHDVXUH ($�y�� L�H�� z�Iy � 5 � MI�y�M  �J�  ��
,Q WKLV FDVH� RQH FDQ GHpQH WKH RSHUDWRU

I�$b��  
5
�

�
I�y�G($�y�� ���

'�I�$b���  I\ � + �
5
�

�
MI�y�M�G�($�y�\� \� ��J�

6LQFH WKHUH LV QR JXDUDQWHH WKDW WKH PHDVXUHG GDWD \r EH�

ORQJ WR WKH GRPDLQ '�I�$b���� WKH IXQFWLRQDO FDOFXOXV GH�

pQHG E\ ��� QHHGV WR EH UHJXODULVHG� /HW XV FRQVLGHU D VHW0

RI DOO IXQFWLRQV WKDW DUH PHDVXUDEOH ZLWK UHVSHFW WR ($�y��

7KH r^SDUDPHWULF IXQFWLRQ Ir�y� � 0 LV VDLG WR EH WKH

r^DSSUR[LPDWLQJ IXQFWLRQ LI OLPr � � MIr�y�yb �M  ��

/HW )r EH D FROOHFWLRQ RI DOO r^DSSUR[LPDWLQJ IXQFWLRQV�

7KHQ� RQH FDQ GHpQH WKH UHJXODULVHG IXQFWLRQDO FDOFXOXV IRU

$b� DV IROORZV�

7KH IXQFWLRQDO FDOFXOXV IRU $b�� GHpQHG E\ WKH VSHFWUDO

LQWHJUDO ���� LV VDLG WR EH 5)& LI I�y� � )r DQG WKH GHYLDWLRQ

RI I�$b�� IURP WKH RSHUDWRU $b�� L�H��

c�I� \� r�  VXSI�I�$b��\r� $
b�\�� � � �\� \r�

� � x rJ�

FRQYHUJHV WR ]HUR DV r � ��

/HW Ir�y� GHQRWHV DQ DUELWUDU\ IXQFWLRQ EHORQJLQJ WR

WKH VHW )r � ,W LV FOHDU WKDW DQ\ UHJXODULVHG IXQFWLRQDO FDOFX�

OXV Ir�$
b�� LV WKH UHJXODULVHG RSHUDWRU IRU WKH SUREOHP ����

7KXV� WKH 5)& UHGXFH WKH SUREOHP RI FRQVWUXFWLRQ RI WKH

UHJXODULVLQJ RSHUDWRUV WR WKH SUREOHP RI pQGLQJ WKH DSSUR�

SULDWH r^DSSUR[LPDWLRQ RI D VSHFWUDO IXQFWLRQ JHQHUDWHG E\

WKH LQYHUVH RSHUDWRU $b��

,W LV FRQYHQLHQW VRPHWLPHV WR FRQVLGHU DQ LQYHUVH SURE�

OHP LQ WHUPV RI FDOFXODWLQJ WKH YDOXHV RI D OLQHDU XQERXQGHG

RSHUDWRU LQVWHDG RI WKH VROXWLRQ RI (T� ���� 7R WKLV SRLQW�

RQH FDQ IRUPXODWH WZR SUREOHPV� )LUVW� JLYHQ D OLQHDU XQ�

ERXQGHG RSHUDWRU 8  $b� DFWLQJ LQ + DQG D FHUWDLQ
DSSUR[LPDWLRQ \r � + RI DQ HOHPHQW \ � + � VXFK WKDW
�\r� \�

� � x r� )LQG WKH HOHPHQW 8\r  [r � VXFK WKDW
[r � 8\  [ DV r � �� ,W LV REYLRXV WKDW LI WKH RSHUD�
WRUV $ DQG 8 DUH LQYHUWLEOH� WKHQ WKHVH SUREOHPV DUH HTXLY�
DOHQW HDFK RWKHU EHFDXVH RI WKH HTXDOLWLHV 8  $b� DQG
$  8b�� ,Q WKLV FDVH� RQH FDQ FRQVWUXFW WKH 5)& IRU WKH
RSHUDWRU 8 XVLQJ WKH UHVROXWLRQ RI WKH LGHQWLW\ RI WKH RSHU�
DWRU $� 6HFRQG� JLYHQ D OLQHDU XQERXQGHG RSHUDWRU $ DQG
D FHUWDLQ DSSUR[LPDWLRQ [r � + RI DQ HOHPHQW [ � + � VXFK
WKDW �[r� [�

� � x r� )LQG WKH HOHPHQW $[r  \r� VXFK WKDW
\r � $[  \ DV r � �� 7KH UHDVRQ ZK\ ZH FRQVLGHU WKH
VHFRQG SUREOHP LV WKDW WKH PDS $ FDQ EH D GLoHUHQWLDO RS�
HUDWRU� ,Q WKLV FDVH� ZH VKRXOG FRQVWUXFW WKH 5)& XVLQJ WKH
UHVROXWLRQ RI WKH LGHQWLW\ RI WKH XQERXQGHG RSHUDWRU� ,Q WKH
ODWWHU FDVH� WKH GHpQLWLRQV QHHG WR EH FKDQJHG� 6SHFLpFDOO\�
WKH IROORZLQJ FRQGLWLRQV VKRXOG EH VDWLVpHG�

OLPr � � MI�y�yb yM  ��

c�I� [� r�  VXSI�I�$�[r � $[�
� � � �[� [r�

� � x rJ�

7KH JHQHUDO VFKHPH IRU FRPSXWLQJ WKH 5)& FDQ EH GH�
VFULEHG DV IROORZV�

�� )RUPDOLVH D SULRUL LQIRUPDWLRQ DERXW WKH SUREOHP WR EH

VROYHG LQ WHUPV RI WKH VSHFWUDO SURSHUWLHV RI WKH RSHUD�

WRU $� WKH GHVLUHG VROXWLRQ [� WKH PHDVXUHG GDWD \r � DQG

HUURUV LQ WKH GDWD� $ SULRUL LQIRUPDWLRQ LV XVHG WR GH�

ULYH WKH DSSURSULDWH r^DSSUR[LPDWLQJ IXQFWLRQV Ir�y�

WKDW JHQHUDWH 5)& IRU WKH RSHUDWRU $b�� 2IWHQ LW LV

VXrFLHQW WR FRQVLGHU RQO\ DOO UDWLRQDO r^DSSUR[LPDWLQJ

IXQFWLRQV Ir�y� RQ WKH UHDO VHPLD[LV LQ RUGHU WR GHULYH

WKHVH IXQFWLRQV�

�� 'HWHUPLQH WKH VSHFWUDO PHDVXUH ($�y� RI WKH RSHUD�

WRU $� 6LQFH LQ FRPSXWDWLRQDO SUDFWLFH WKH RSHUDWRU

$ LV FRQVLGHUHG LQ D pQLWH^GLPHQVLRQDO +LOEHUW VSDFH�

GLP+  Q� WKH VSHFWUDO PHDVXUH LV GHWHUPLQHG DV3Q

N  �
3�yN�� ZKHUH 3�yN� LV DQ RUWKRJRQDO SURMHFWRU

RQWR D VHW RI DOO HLJHQYHFWRUV RI WKH RSHUDWRU $� L�H�� D
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VHW I
 � + � $
  yN
J� ,Q RWKHU ZRUGV� ZH VKRXOG
VROYH WKH HLJHQYDOXH SUREOHP IRU D PDWUL[ JHQHUDWHG E\

WKH RSHUDWRU $� 7KH FRPSXWDWLRQDOO\ HoHFWLYH PHWKRGV

IRU VROYLQJ WKLV SUREOHP DUH LQGLFDWHG LQ 5HIV� �)DG�

GHHY� ������ �*ROXE� 9DQ /RDQ� ������ +RZHYHU� LW

LV QRW QHFHVVDU\ WR VROYH WKH HLJHQYDOXH SUREOHP LI WKH

r^DSSUR[LPDWLQJ IXQFWLRQV Ir�y� JHQHUDWH WKH LWHUDWLYH

SURFHVVHV�

�� &DOFXODWH 5)& DV

Ir�$
b�
�\r  

Q;

N  �

Ir�yN��\r � 
N�
N�

6LQFH PDQ\ OLQHDU LQYHUVH SUREOHPV FDQ EH UHGXFHG WR

VROYLQJ HLWKHU D V\VWHP RI OLQHDU HTXDWLRQV ZKRVH PDWULFHV

DUH LOO^FRQGLWLRQHG RU DQ LQWHJUDO HTXDWLRQ RI FRQYROXWLRQ

W\SH RI WKH pUVW NLQG� ZH VKRZ EHORZ KRZ 5)& FDQ EH DS�

SOLHG WR WKH QXPHULFDO VROXWLRQ RI WKHVH SUREOHPV�

5 (*8/ $5 ,6(' / ($67 64 8$5 (6 62 / 87,2 1 6 9,$ 5 )&

/HW XV DVVXPH WKDW WKH RSHUDWRU $ LQ (T� ��� LV JHQ�

HUDWHG E\ D FHUWDLQ PDWUL[ EHORQJLQJ WR WKH YHFWRU VSDFH

5
PdQ� 7KH FRUUHVSRQGLQJ OLQHDU OHDVW VTXDUHV SUREOHP LV

PLQIN$[b \N� � $ � 5
PdQ

� [ � 5
Q

� \ � 5
P

�P y QJ� ���

,I WKH FRQGLWLRQ QXPEHU z  N$NN$b�N RI WKH PDWUL[ $ LV
VXrFLHQWO\ ODUJH� WKH SUREOHP ��� LV FDOOHG LOO�FRQGLWLRQHG�

)RU EUHYLW\� OHW XV DVVXPH WKDW NHU$  �� 7KH PRVW SRSX�
ODU QXPHULFDO PHWKRG IRU VROYLQJ WKH SUREOHP ��� LV EDVHG

RQ WKH ZHOO^NQRZQ IDFWRULVDWLRQ $  8'9 e �*DQWPDFKHU�

������ ZKHUH 8 � 5PdP� 9 � 5QdQ DUH WKH RUWKRQRUPDO

PDWULFHV� DQG WKH PDWUL[ ' � 5PdQ KDV GLDJRQDO IRUP�

'  GLDJ�G�� G�� ���� GQ�� ZKHUH G_ ! �� _  �� �� ���� U DUH

VLQJXODU YDOXHV RI PDWUL[ $� 7KLV GHFRPSRVLWLRQ LV NQRZQ

LQ WKH FRQWHPSRUDU\ OLWHUDWXUH DV WKH VLQJXODU YDOXH GHFRP�

SRVLWLRQ �69'� RI WKH RULJLQDO PDWUL[ $� 1RWH WKDW WKH

FROXPQV RI PDWUL[ 9 DUH HLJHQYHFWRUV RI PDWUL[ $e$ DQG

FROXPQV RI PDWUL[ 8 DUH HLJHQYHFWRUV RI PDWUL[ $$e� 7KHUH�

IRUH� 69' LV FORVHO\ UHODWHG WR WKH 6FKXU GHFRPSRVLWLRQ

RI PDWUL[ $e$  9 e9 e� ZKHUH e  GLDJIy�� y�� ���� yQJ�
DQG yL  G�

L
� �L  �� �� ���� Q� DUH HLJHQYDOXHV RI PDWUL[ $e$�

6LQFH WKH SUREOHP ��� LV HTXLYDOHQW WR WKH QRUPDO HTXDWLRQ

$e$[  $e\� LW LV VXrFLHQW WR FRQVLGHU WKH 6FKXU GHFRP�

SRVLWLRQ RI PDWUL[ $e$� DQG WKH UDWLRQDO r^IXQFWLRQV Ir LQ

WKH IRUP

Ir�y�  
y

y� � Tr�y�
� ���

ZKHUH Tr�y� ! � DUH FHUWDLQ IXQFWLRQV PHDVXUDEOH ZLWK UH�

VSHFW WR ($�y��

o^SDUDPHWULF 5 )&

7KHUH DUH D QXPEHU RI 5$V EDVHG RQ HLWKHU WKH

7LNKRQRY
V VFKHPH RI UHJXODULVDWLRQ �7LNKRQRY� ������

�9DUDK� ������ �(OGHQ� ����� RU WKH WUXQFDWHG VLQJXODU YDOXH

GHFRPSRVLWLRQ �769'� �+DQVHQ� ������ 7KHVH 5$V FDQ�

KRZHYHU� EH JHQHUDWHG E\ 5)& DV ZHOO� ,QGHHG� LI ZH FKRRVH

WKH IXQFWLRQ Tr LQ WKH IRUP Tr  o�r�� ZKHUH o�r� LV WKH UHJ�

XODULVDWLRQ SDUDPHWHU� WKHQ WKH IXQFWLRQV Ir�$
b�
� JHQHUDWH

WKH ZHOO^NQRZQ 7LNKRQRY
V UHJXODULVDWRUV� ,I ZH FKRRVH WKH

IXQFWLRQV Tr�y� ! � LQ WKH IRUP

Tr�y�  

~
� LI y ! o�r�

� LI y x o�r��
���

WKHQ WKHVH IXQFWLRQV JHQHUDWH WKH r^DSSUR[LPDWLRQV Ir�y�

Ir�y�  

~
yb� LI y ! o�r�

� LI y x o�r��

WKDW DUH HTXLYDOHQW WKH UHJXODULVHG 769'� 1RWH WKDW ZH

XVHG DERYH D SULRUL LQIRUPDWLRQ DERXW WKH SUREOHP WR EH

VROYHG LQ WHUPV RI WKH WULSOH �$� \r � r�� 7KH o^SDUDPHWULF

5)& DOORZ WKH VPRRWKHG DSSUR[LPDWLRQV RI WKH GHVLUHG VR�

OXWLRQ EHFDXVH RI WKH JOREDO OHYHO r RI HUURUV LQ WKH PHDVXUHG

GDWD� 2IWHQ ZH ZLVK WR UHFRQVWUXFW WKH ?pQH� VWUXFWXUH RI

WKH GHVLUHG VROXWLRQ� ,Q WKLV FDVH� PRUH D SULRUL LQIRUPD�

WLRQ LV QHHGHG LQ RUGHU WR SURYLGH WKLV UHFRQVWUXFWLRQ� )RU

H[DPSOH� VXFK DQ LQIRUPDWLRQ FDQ EH JLYHQ LQ WKH IRUP RI

WKH FRPSRQHQWZLVH HUURUV M\rN b \NM x rN� �N  �� �� ����P��

,Q WKLV FDVH� LW LV QRW IHDVLEOH WR FRQVWUXFW o^DSUR[LPDWLRQV

EHFDXVH RI WKH QXPHULFDO UHJXODULVDWLRQ SDUDPHWHU o� )RU�

WXQDWHO\� LW LV SRVVLEOH WR FRQVWUXFW 5)& XVLQJ WKH JHQHUDO

VFKHPH LQGLFDWHG DERYH�

Tr^SDUDPHWULF 5 )&

$V DQ H[DPSOH� ZH FRQVLGHU WKH FDVH RI WKH VSHFWUDO FRP�

SRQHQWZLVH HUURUV� L�H�� MAEr_bAE_M x r_� ZKHUH r
�  
3Q

_ �
r�_ �
AE

DQG AEr DUH VSHFWUDO GHFRPSRVLWLRQV RI YHFWRUV E  $e\ DQG

Er  $e\r� UHVSHFWLYHO\� +HUH $e LV WKH WUDQVSRVH RI WKH

PDWUL[ $� 7KH JHQHUDO VFKHPH LV� KRZHYHU� DSSOLFDEOH IRU

WKH RWKHU FDVHV DV ZHOO� ,Q RUGHU WR FODULI\ ZK\ ZH QHHG WR

FRQVWUXFW WKH Tr^SDUDPHWULF 5)&� ZH VKRZ WKDW WKHUH H[�

LVWV WKH Tr^IXQFWLRQ WKDW PLQLPLVHV WKH XSSHU ERXQG RI WKH

HUURU N[T b[N�� /HW A[ EH WKH VSHFWUDO GHFRPSRVLWLRQ RI WKH
YHFWRU [� L�H�� A[  9 e[� 7KHQ� PLQLPLVLQJ WKH XSSHU ERXQG
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RI WKH HUURU
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6LQFH WKH ?RSWLPDO� IXQFWLRQ aTr GHSHQGV RQ WKH XQNQRZQ

VROXWLRQ [� LW FDQQRW EH LPSOHPHQWHG LQ SUDFWLFH� 2QH FDQ�

KRZHYHU� WU\ WR FRQVWUXFW WKH RWKHU r^IXQFWLRQV ZKLFK ZRXOG

EH FORVH LQ VRPH VHQVH WR WKH ?RSWLPDO� IXQFWLRQ� 2QH

FODVV RI VXFK IXQFWLRQV ZDV GHVFULEHG LQ 5HI� �$UVHQLQ HW DO��

������ $FFRUGLQJ WR WKH JHQHUDO VFKHPH� RQH FDQ FRQVLGHU D
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$QDORJRXVO\� WKH RWKHU 5)& FDQ EH FRQVWUXFWHG IRU DQ\

RWKHU D SULRUL LQIRUPDWLRQ DERXW WKH SUREOHP WR EH VROYHG�

$ 0RGHO 3 UREOHP

7R HYDOXDWH 5)& LQGLFDWHG DERYH� WKH FRPSXWDWLRQDO

H[SHULPHQW KDV EHHQ FRQGXFWHG� 7KH WHVW SUREOHP ZDV LQL�

WLDOO\ IRUPXODWHG IRU WKH FRPSDFW LQWHJUDO RSHUDWRU $  5 E

D
.�W b W

��GW�� W � >F� G@ ZLWK WKH NHUQHO IXQFWLRQ .�W�  
�� � W��b�� $IWHU LWV GLVFUHWLVDWLRQ WKH HLJHQYDOXHV RI WKH
PDWUL[ JHQHUDWHG E\ D pQLWH^GLPHQVLRQDO DSSUR[LPDWLRQ RI
WKH RSHUDWRU $ GHFUHDVHG UDSLGO\� ,W DOORZHG IRU PRGHOOLQJ
DQ LOO^FRQGLWLRQHG V\VWHP RI OLQHDU HTXDWLRQV� 7KH H[DFW
VROXWLRQ ZDV GHpQHG DV WKH XQLW YHFWRU [  >�� �� ���� �@7 �
7KH W\SLFDO YDOXHV RI P DQG Q ZHUH HTXDO WR ���� DQG ����
UHVSHFWLYHO\� 7KH H[DFW ULJKW�KDQG VLGH ZDV SHUWXUEHG E\
XQLIRUPO\ GLVWULEXWHG UDQGRP YHFWRU PRGHOOHG QRLVH� (DFK
QRLVH VDPSOH KDV EHHQ UHVFDOHG IURP ��� GRZQ WR ����� RI
WKH QRUP RI WKH ULJKW�KDQG VLGH DV IROORZV

a\  \ � r|N\NN|Nb�

ZKHUH r ! � LV WKH URRW PHDQ VTXDUH RI WKH ULJKW�KDQG VLGH�

7KH TXDOLW\ RI 5)& KDV EHHQ FKDUDFWHUL]HG E\ WKH UHODWLYH

HUURU RI WKH UHJXODULVHG VROXWLRQ� L�H�� �  N[T b [NN[Nb��
&DOFXODWLRQV ZHUH FDUULHG RXW ZLWK GRXEOH SUHFLVLRQ� 7D�

EOH � VXPPDUL]HV YDOXHV RI � IRU WKH 7LNKRQRY
V VFKHPH RI

UHJXODULVDWLRQ XVLQJ 45 GHFRPSRVLWLRQ RI WKH PDWUL[ $e$�

69' DQG 769' RI WKH RULJLQDO PDWUL[ $� DQG WKH LQLWLDO

DSSUR[LPDWLRQ RI WKH 5)&� &RPSDULQJ WKH YDOXHV RI �� RQH

FDQ QRWLFH WKDW WKH 5)& SURYLGH PRUH DFFXUDWH UHJXODULVHG

VROXWLRQV IRU DQ\ UHDVRQDEOH YDOXHV r� ,Q RXU FDOFXODWLRQV

ZH XVHG WKH VWDQGDUG )2575$1 URXWLQHV -$&2%, DQG

'69'�� ,W ZDV H[SHFWHG WKDW WKH GLoHUHQW UHVXOWV ZRXOG

DSSHDU ZKHQ DQRWKHU URXWLQHV ZHUH XVHG� 7DEOH � FRQWDLQV

� 7 K HVH U RX WLQ HV Z HU H LP S OHP HQ WHG E \ $ S S OLHG 0DWK HP DWLFV 'LY L�

VLRQ RI $ U JRQ Q H 1 DWLRQ DO /DE RU DWRU \ �
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r 45 69 ' 7 69 ' 5) &

� � b� �� � � G�� �� � � G�� �� � � G�� �� � � G��

� � b� �� � � G�� �� � � G�� �� � � G�� �� � � G��
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� � b� �� � � G�� �� � � G�� �� � � G�� �� � � G��

7DEOH �� &RPSDULVRQ RI WKH UHODWLYH HUURUV IRU 5$
V EDVHG RQ WKH 45 GHFRP�

SRVLWLRQ� 69'� 769' DQG WKH 5)& �LQLWLDO DSSUR[LPDWLRQ��

r 45 69 ' 7 69 ' 5) &

� � b� �� � � G�� �� � � G�� �� � � G�� �� � � G��
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7DEOH �� &RPSDULVRQ RI WKH UHODWLYH HUURUV IRU 5$
V EDVHG RQ WKH 45 GHFRP�

SRVLWLRQ� 69'� 769' DQG 5)& �LQLWLDO DSSUR[LPDWLRQ��

�

WKH UHVXOWV REWDLQHG E\ ,'/ VWDQGDUG URXWLQHV�� $OWKRXJK

WKH VOLJKWO\ GLoHUHQW UHVXOWV ZHUH REWDLQHG� WKH GLoHUHQFH

ZDV QRW HVVHQWLDO� 7KLV PHDQV WKDW ERWK WKH o� DQG Tr^

SDUDPHWULF 5)& DUH FRPSXWDWLRQDOO\ VWDEOH ZLWK UHVSHFW WR

WKH HUURUV FDXVHG E\ WKH GLoHUHQW DSSUR[LPDWH DOJRULWKPV

IRU FRPSXWLQJ HLJHQYDOXHV DQG HLJHQYHFWRUV�

5 HJXODULVHG 0RGH )LOWHULQJ

$V DQ DOWHUQDWLYH WR NQRZQ PDWFKHG^pHOG SURFHVVLQJ

�0)3�� PDWFKHG^PRGH SURFHVVLQJ �003� KDV EHHQ GHYHO�

RSHG UHFHQWO\ �%DJJHURHU� HW DO�� ����� LQ RFHDQ DFRXVWLFV IRU

GHWHFWLRQ DQG ORFDOLVDWLRQ RI D VRXUFH LQ VKDOORZ ZDWHU� 7KH

PDLQ DGYDQWDJH RI 003 LV LWV SRWHQWLDOO\ ORZ VHQVLWLYLW\

WR HQYLURQPHQWDO QRLVH� 6LQFH WKH HoHFWLYHQHVV RI 003 GH�

SHQGV VWURQJO\ RQ WKH DFFXUDF\ RI PRGH pOWHULQJ� WKH PRGH

pOWHULQJ DOJRULWKPV DUH WKH FRUH RI 003� ,Q RUGHU WR RXWOLQH

WKH EDVLF SUREOHP RI PRGH pOWHULQJ� OHW XV FRQVLGHU DQ DFRXV�

WLF pHOG JHQHUDWHG E\ D QDUURZ^EDQG SRLQW VRXUFH� :LWKRXW

ORVV RI JHQHUDOLW\� OHW XV DVVXPH WKDW WKH RFHDQLF ZDYHJXLGH

LV F\OLQGULFDOO\ V\PPHWULF� DQG WKH VRXUFH LV VLWXDWHG DW WKH

�
,Q WHU DFWLY H 'DWD /DQ JX DJH� D G DWD DQ DO\ VLV VRIWZ DU H S U RG X FW IU RP

5HVHDU FK 6 \ VWHP V� ,Q F�

SRLQW �UV� ]V�� 7KHQ WKH FRPSOH[ SUHVVXUH pHOG UHFHLYHG E\

D YHUWLFDO K\GURSKRQH DUUD\ VLWXDWHG LQ WKH IDU^pHOG ]RQH

FDQ EH H[SUHVVHG DV D pQLWH VHULHV ZKRVH HOHPHQWV DUH WKH

ZHLJKWHG SURSDJDWLQJ QRUPDO PRGHV

S�]� UV� ]V�  E

Q;

_ �

X_�]�X_�]V�
H[S�^NU_UV b p_UV�S

NU_UV
� ����

ZKHUH X_�]�� p_� DQG NU_ DUH WKH PRGDO HLJHQIXQFWLRQV� WKH

DWWHQXDWLRQ DQG WKH KRUL]RQWDO ZDYHQXPEHUV� UHVSHFWLYHO\�

7KH PRGDO HLJHQIXQFWLRQV VDWLVI\ WKH 6WXUP�/LRXYLOOH SURE�

OHP� DQG WKH\ DUH RUWKRJRQDO� 7KH WLPH GHSHQGHQFH WHUP

ZLOO EH QHJOHFWHG KHUH EHFDXVH LW LV QRW HVVHQWLDO IRU WKH DUJX�

PHQWV EHORZ� )RU VLPLODU UHDVRQV� ZH GR DOVR QRW H[SOLFLWO\

GHpQH WKH FRPSOH[^YDOXHG FRHrFLHQW E� 'HpQLQJ WKH PRGDO

DPSOLWXGHV DV [_�UV� ]V�  E c X_�]V�
H[S �^NU_UVbp_UV�S

NU_UV
� ZH UHS�

UHVHQW (T� ���� DV D V\VWHP RI OLQHDU HTXDWLRQV

$[ u
Q;
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D^_[_  S�]^� UV� ]V�� �^  �� �� ����P�� ����

ZKHUH WKH PDWUL[ $ DFWV IURP DQ Q�GLPHQVLRQDO YHFWRU VSDFH

LQWR DQ P�GLPHQVLRQDO YHFWRU VSDFH� 7KH FDVH RI D KRUL]RQ�

WDO K\GURSKRQH DUUD\ FDQ EH FRQVLGHUHG DQDORJRXVO\� ,I WKH

YHUWLFDO K\GURSKRQH DUUD\ LV VSDQQLQJ WKH HQWLUH ZDYHJXLGH�

DQG WKH QXPEHU P LV VXrFLHQWO\ ODUJH� L�H�� JRRG VDPSOLQJ

RI WKH PRGH VKDSHV LV SHUIRUPHG� WKHQ WKH PDWUL[ $ LV H[�

SHFWHG WR EH TXDVL^XQLWDU\� VR WKDW $b� | $e� ZKHUH $e

LV D +HUPLWLDQ PDWUL[� +RZHYHU� UHDO YHUWLFDO K\GURSKRQH

DUUD\V GR QRW VSDQ WKH HQWLUH ZDYHJXLGH� DQG WKH\ VDP�

SOH SRRUO\ WKH PRGH VKDSHV� $V D UHVXOW� WKH PDWUL[ $

LV QR ORQJHU TXDVL^XQLWDU\� DQG LW LV� JHQHUDOO\ VSHDNLQJ�

LOO^FRQGLWLRQHG� 7R GHPRQVWUDWH WKH HoHFWLYHQHVV RI 5)&�

ZH VLPXODWHG VKDOORZ ZDWHU PRGH pOWHULQJ� 6SHFLpFDOO\� LQ

RXU VLPXODWLRQ WKH 3HNHULV PRGHO RI ZDYHJXLGH ZDV XVHG� LQ

ZKLFK WKH ZDWHU FKDQQHO GHSWK ZDV �� P� DQG VRXUFH GHSWK

DQG UDQJH ZHUH �� P DQG ���� P� UHVSHFWLYHO\� 7KH VLPX�

ODWLRQ XVHG �� +] DV WKH SURSDJDWLRQ IUHTXHQF\� :H XVHG

WKH IROORZLQJ QRLVH PRGHO� $e$[  $eS � |� |  $e1 �

ZKHUH WKH QRLVH YHFWRU 1 ZDV PRGHOOHG DV D FRPSOH[ *DXV�

VLDQ UDQGRP YHFWRU� VR WKDW WKH UDQGRP YHFWRU ZDV DOVR

D FRPSOH[ *DXVVLDQ YHFWRU ZLWK ]HUR PHDQ DQG FRUUHOD�

WLRQ PDWUL[ 5|� 6LQFH r
�
u (N|N�  WU5|� LW ZDV QDW�

XUDO WR XVH GLDJ5| IRU HVWLPDWLQJ WKH VSHFWUDO HUURU PHQ�

WLRQHG DERYH� 7KH QRLVH OHYHO ZDV H[SUHVVHG LQ WHUPV RI

615� L�H�� 615  �� ORJ
N$eSN�

(N|N�
� )LJXUHV � DQG � SORW WKH

SHUIRUPDQFH RI WKH FRQYHQWLRQDO SVHXGR^LQYHUVH DOJRULWKP�

WKH 7LNKRQRY
V VFKHPH RI UHJXODULVDWLRQ DQG 5)&�LQLWLDO DS�
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SURD[LPDWLRQ� IRU YHUWLFDO DUUD\V ZKRVH DSHUWXUHV VSDQ ����

DQG ��� RI WKH FKDQQHO GHSWK� UHVSHFWLYHO\�

)LJXUH �� &RPSDULVRQ RI WRWDO VTXDUHG HUURUV� WKH SVHXGR^LQYHUVH �GDVK^GRW��

WKH 7LNKRQRY
V VFKHPH RI UHJXODULVDWLRQ �GRWWHG� DQG 5)& �VROLG��

)LJXUH �� &RPSDULVRQ RI WRWDO VTXDUHG HUURUV� WKH 7LNKRQRY
V VFKHPH RI

UHJXODULVDWLRQ �GRWWHG� DQG 5)& �VROLG��

$V H[SHFWHG� WKH SVHXGR^LQYHUVH DOJRULWKP GRHV QRW
ZRUN ZHOO HYHQ IRU WKH ��^ DQG ���G% 615 FDVHV IRU ERWK
JRRG �)LJXUH �� DQG SRRU �)LJXUH �� VSDQQLQJ� 7KH pOWHUV
EDVHG RQ WKH 7LNKRQRY
V VFKHPH RI UHJXODULVDWLRQ DQG 5)&
SURYLGH UHDVRQDEO\ JRRG SHUIRUPDQFH IRU WKH LQWHUYDO ��^��
G% 615 ZKHQ WKH DUUD\ VSDQV PRUH WKDQ ���� RI WKH ZDWHU
FROXPQ� +RZHYHU� WKH 5)& pOWHU SURYLGHV WKH VOLJKWO\ EHW�
WHU UHVXOWV� 7KLV LV TXDOLWDWLYHO\ WUXH IRU WKH SRRUO\ VSDQQHG
ZDWHU FROXPQ� EXW WKH PRGH HUURU LQFUHDVHV GUDPDWLFDOO\ IRU
DOO 615 FDVHV DQG PRGH pOWHUV�

7+ ( ,1 7(*5 $/ (4 8$7,2 1 0(7+ 2 '

0DQ\ ERXQGDU\ YDOXH SUREOHPV FDQ EH UHGXFHG WR WKH
LQWHJUDO HTXDWLRQV XVLQJ WKH *UHHQ
V WKHRUHPV� 7KLV IHDWXUH
DOORZV WKH FRPSXWDWLRQDOO\ HoHFWLYH IRUPXODWLRQV RI PDQ\
FRPSOH[ DSSOLHG SUREOHPV WKDW DUH RI SDUWLFXODU LQWHUHVW WR
HQJLQHHULQJ� $V DQ H[DPSOH� ZH LQGLFDWH EHORZ LQYHUVH VFDW�
WHULQJ� 6SHFLpFDOO\� ZH VKRZ KRZ 5)& FDQ EH H[SORLWHG
ZLWKLQ WKH IUDPHZRUN RI WKH LQWHJUDO HTXDWLRQ PHWKRG�

,QWHJUDO (TXDWLRQV RI & RQYROXWLRQ 7\SH RI WKH )LUVW .LQG

/HW XV FRQVLGHU DQ LQWHJUDO HTXDWLRQ RI FRQYROXWLRQ W\SH

RI WKH pUVW NLQG

$[ u

=
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b�

.�Wb ��[�� �G�  \�W��b� � W �� ����

,Q WKLV FDVH� WKH VSHFWUDOPHDVXUH ($�y� FDQ EH FDOFXODWH YLD

WKH )RXULHU WUDQVIRUP� ,W LV WKHUHIRUH VXrFLHQW WR GHpQH WKH

r^DSSUR[LPDWLQJ IXQFWLRQV Ir�y� LQ WKH IUHTXHQF\ GRPDLQ�

,Q SDUWLFXODU� ZH FDQ FRQVLGHU WKH UDWLRQDO r^DSSUR[LPDWLQJ

IXQFWLRQV LQ WKH IRUP Ir  .�by�>M.�y�M� � Tr @
b�� ZKHUH

.�y� LV WKH )RXULHU WUDQVIRUP RI WKH NHUQHO.�W� RI (T� �����

7KH VSHFWUDO HUURU FDQ EH LQFRUSRUDWHG DV M\r�y�b \�y�M x

��y�� ZKHUH
5
�

b�
���y�Gy  r�� $IWHU WKLV� WKH VSHFLpF IXQF�

WLRQV Tr FDQ EH GHULYHG DV EHIRUH� )LJXUH � VKRZV WKH UHVXOWV

RI QXPHULFDO H[SHULPHQW GHPRQVWUDWLQJ WKH FRPSXWDWLRQDO

HoHFWLYHQHVV RI 5)&�LQLWLDO DSSUR[LPDWLRQ��

)LJXUH �� &RPSDULVRQ RI QXPHULFDO H[SHULPHQW� WKH H[DFW VROXWLRQ�VROLG�� WKH

7LNKRQRY
V VFKHPH RI UHJXODULVDWLRQ�GDVK^GRW� DQG 5)&�GRWWHG�� 7KH NHUQHO

KDV WKH IRUP .�W�  H [ S>b � � � �Wb � � � ��@� 7KH OHYHO RI HUURUV FRUUHVSRQGV

WR �� RI WKH PD[LPXP RI WKH H[DFW ULJKW^KDQG VLGH RI (T� �����

,QYHUVH 6FDWWHULQJ ,Q 2 FHDQ $FRXVWLFV

7KH VFDWWHULQJ E\ REVWDFOHV VXEPHUJHG LQ DQ RFHDQLF
ZDYHJXLGH RU EXULHG LQ WKH QHDU^VHDqRRU VHGLPHQWV DQG E\

� &RS\ULJKW Fq ���� E\ $60(



WKH YROXPH LQKRPRJHQHLWLHV LV XVXDOO\ FRQVLGHUHG VHSDUDWHO\�
0HDQZKLOH� WKH UHDO RFHDQ FRQWDLQV WKH YROXPH LQKRPR�
JHQHLWLHV� VXFK DV EXEEOH FORXGV� URXJK LQWHUIDFHV� LQWHUQDO
ZDYHV� HWF� $OWKRXJK WKH VSHFLpF PDWKHPDWLFDO PRGHO RI DQ
RFHDQ ZDYHJXLGH GHSHQGV RQ WKH VSHFLpF DSSOLHG SUREOHP�
ZH FRQVLGHU� IRU EUHYLW\� WKH WKUHH OD\HU PRGHO WKDW FDQ EH
RI SDUWLFXODU LQWHUHVW WR DFRXVWLF UHPRWH VHQVLQJ� 7KH XS�
SHU DQG ORZHU OD\HUV RI WKLV PRGHO DUH WKH KRPRJHQHRXV DLU
DQG ERWWRP EDFNJURXQG� 7KH PLGGOH OD\HU UHSUHVHQWV WKH
DUELWUDULO\ LQKRPRJHQHRXV VHDZDWHU DQG WKH QHDU^VHDqRRU
VHGLPHQWV WKDW PD\ LQFOXGH VHYHUDO REVWDFOHV� 7KH PDWKH�
PDWLFDO PRGHO FDQ EH UHSUHVHQWHG LQ WHUPV RI WKH &DXFK\
SUREOHP IRU WKH &KHUQRY
V ZDYH HTXDWLRQ ZLWK WKH YDULDEOH
PDVV GHQVLW\ ~�U� DQG VRXQG VSHHG F�U�

~�U�GLY�~b��U�JUDGS�U� W��b F
b��U� #

�S
#W�
�U� W�

 bI�U� W� ����

S�U� W�  �� #S
#W
�U� W�  �� W � �� ����

:H DVVXPH WKDW WKH FRQMXJDWLRQ FRQGLWLRQV DUH VDWLVpHG DW

WKH DLU^ZDWHU DQG ZDWHU^VHGLPHQWV LQWHUIDFHV� DQG WKH 6RP�

PHUIHOG UDGLDWLRQ FRQGLWLRQ VDWLVpHV DW LQpQLW\� :H DOVR DV�

VXPH WKDW WKHUH LV D ERXQGHG UHJLRQ ' FRQWDLQLQJ D ULJLG

ERG\� VR WKDW WKH 1HXPDQQ FRQGLWLRQ LV VDWLVpHG RQ LWV

ERXQGDU\ #'� $OWKRXJK LW LV LPSRVVLEOH WR REWDLQ WKH DQD�
O\WLFDO VROXWLRQ RI WKH &DXFK\ SUREOHP� WKLV SUREOHP FDQ EH

UHGXFHG WR WKH LQWHJUDO HTXDWLRQ XVLQJ WKH *UHHQ
V WKHRUHPV�

,QGHHG� DSSO\LQJ WKH )RXULHU WUDQVIRUP WR (TV� ����^�����

ZH DUULYH WR WKH ERXQGDU\ YDOXH SUREOHP IRU WKH +HOPKROW]

HTXDWLRQ IRU HYHU\ p[HG IUHTXHQF\ �� ,QWURGXFLQJ WKHQ

D VXEVWLWXWLRQ X�U� ��  S�U� �� 
S
~�U� DQG DSSO\LQJ WKH

*UHHQ
V WKHRUHPV WR WKH +HOPKROW] HTXDWLRQ� ZH REWDLQ WKH

LQWHJUDO UHSUHVHQWDWLRQ RI WKH ERXQGDU\ YDOXH SUREOHP

X�U� ��  
5
)

�U� ��*�U� U�� ��GU�

5
9
8�U� ��*�U� U�� ��X�U�� ��GU� � ����
5
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X�U�� ��#*
#Q
�U� U�� ��GV

ZKHUH 9 ~ 5�Q'� 
�U� ��  I�U� �� 
S
~�U�� DQG 8�U� �� LV

WKH SRWHQWLDO WKDW LV WKH NQRZQ IXQFWLRQ RI WKH PDVV GHQVLW\

DQG VRXQG VSHHG� 1RWH WKDW WKH *UHHQ
V IXQFWLRQ *�U� U�� ��

VDWLVpHV WKH HTXDWLRQ �U� � ��Fb��]��*  br�U b U
��� WKH

FRQMXJDWLRQ FRQGLWLRQV DW WKH DLU^VHDZDWHU DQG VHDZDWHU^

ERWWRP LQWHUIDFHV� DQG WKH UDGLDWLRQ FRQGLWLRQ DW LQpQ�

LW\� 7KH *UHHQ
V IXQFWLRQ FDQ EH UHSUHVHQWHG YLD WKH

6RPPHUIHOG^:HLO LQWHJUDO� ,W LV HDV\ WR VHH WKDW WKH LQWHJUDO

WHUPV LQ WKH ULJKW^KDQG VLGH RI (T� ���� UHSUHVHQW WKH LQFL�

GHQW pHOG� WKH VFDWWHUHG pHOG IURP WKH LQKRPRJHQHLW\� DQG

WKH VFDWWHUHG pHOG IURP WKH ULJLG ERG\� 7KH LPSHGDQFH RU

.LUFKKRo FRQGLWLRQV FDQ DOVR EH FRQVLGHUHG�

7KH LQWHJUDO UHSUHVHQWDWLRQ ���� LV WKH EDVLV IRU WKH FRQ�

VWUXFWLRQ RI PDWKHPDWLFDO PRGHOV IRU ERWK IRUZDUG DQG LQ�

YHUVH �^' PRGHOOLQJ� +RZHYHU� WKH SURSHUWLHV RI WKH LQWH�

JUDO RSHUDWRUV JHQHUDWHG E\ WKLV UHSUHVHQWDWLRQ GHSHQG HV�

VHQWLDOO\ RQ WKH SRVLWLRQ RI WKH YHFWRU U� $V D UHVXOW� LQ WKH

FDVH RI D IRUZDUG SUREOHP� ZH REWDLQ WKH V\VWHP RI OLQHDU

LQWHJUDO HTXDWLRQV� +RZHYHU� DQ\ LQYHUVH SUREOHP EHFRPHV

QRQOLQHDU EHFDXVH RI WKH XQNQRZQ FRRUGLQDWHV RI D VRXUFH�

WKH VKDSH RI D VFDWWHUHU� HWF�� DQG WKH DFRXVWLF pHOG X�U� ��

LQVLGH WKH LQKRPRJHQHLW\ DQG RQ WKH VXUIDFH RI WKH UHqHFWRU�

,Q WKLV FDVH� DIWHU GLVFUHWLVDWLRQ RI WKLV V\VWHP ZH DUULYH WR D

V\VWHP RI QRQOLQHDU HTXDWLRQV ZLWK UHVSHFW WR WKH XQNQRZQV

LQGLFDWHG DERYH� 7KLV V\VWHP FDQ EH DSSUR[LPDWLYHO\ VROYHG

E\ WKH LWHUDWLYHO\ UHJXODULVHG 1HZWRQ
V PHWKRGV LI WKHUH LV

WKH )UH̀FKHW GHULYDWLYH RI WKH RSHUDWRU JHQHUDWHG E\ WKH V\V�

WHP RI LQWHJUDO HTXDWLRQV�

,Q FHUWDLQ FDVHV� LW LV SRVVLEOH WR OLQHDULVH DQ LQYHUVH

SUREOHP� $V DQ H[DPSOH� ZH FRQVLGHU RQH VFKHPH RI DFRXV�

WLF VRXQGLQJ EDVHG RQ V\QWKHWLF DSHUWXUH VRQDU WHFKQLTXH�

)RU EUHYLW\� OHW XV DVVXPH WKDW D VFDWWHUHU LV VLWXDWHG LQ

D KRPRJHQHRXV ZDYHJXLGH ZLWK WKH FRQVWDQW PDVV GHQVLW\

DQG VRXQG VSHHG F� :H DVVXPH� KRZHYHU� WKDW WKH VXUIDFH

RI WKH VFDWWHUHU LV GLoXVLYH� ,Q WKLV FDVH� RQH FDQ IRUPDOO\

GHpQH WKH DSSDUHQW UHqHFWLRQ FRHrFLHQW x�U� RQ WKH VXU�

IDFH RI WKH GLoXVLYH VFDWWHUHU DQG FRQVLGHU WKH JHQHUDOLVHG

.LUFKKRo FRQGLWLRQV LQ WKH IRUP

XVF�U�5���  x�U���U�5�XL�U� ��
#XVF

#Q
�U�5���  bx�U���U�5�#XL

#Q

ZKHUH 5 LV WKH UDGLXV YHFWRU FRQQHFWLQJ WKH VRQDU DQG DQ

DUELWUDU\ SRLQW U EHORQJLQJ WR WKH VXUIDFH RI WKH VFDWWHUHU�

��U�5� LV WKH FKDUDFWHULVWLF IXQFWLRQ RI WKH H[SRVHG DUHD RI

WKH VXUIDFH #'� 7KH SK\VLFDO VHQVH RI WKH DSSDUHQW UHqHF�

WLRQ FRHrFLHQW x�U� LV WKDW LW LV WKH UHqHFWLRQ FRHrFLHQW RI D

SODQH ZDYH IURP WKH HOHPHQWDU\ SODQH WDQJHQWLDO WR WKH GLI�

IXVLYH VXUIDFH RI WKH VFDWWHUHU DW WKH SRLQW U � #'� ,Q PDQ\

FDVHV RI SDUWLFXODU LQWHUHVW WR UHPRWH VHQVLQJ� LW LV QDWXUDO

WR IRUPXODWH WKH LQYHUVH SUREOHP LQ WHUPV RI UHFRYHULQJ WKH

IXQFWLRQ x�U� IURP PHDVXUHPHQWV RI WKH VFDWWHUHG pHOG LQ

WKH IDU^pHOG ]RQH� 7KHQ� XVLQJ WKH JHQHUDOLVHG .LUFKKRo

FRQGLWLRQV� RQH FDQ REWDLQ IURP (T� ���� WKH OLQHDU LQWHJUDO

HTXDWLRQ RI WKH pUVW NLQG ZLWK UHVSHFW WR x�U�� 7KLV LQWHJUDO

HTXDWLRQ FDQ EH ZULWWHQ DV IROORZV
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ZKHUH /
U
�5�  IU � U � #'� M5 b UM  UJ LV D VSDWLDO

FXUYH RQ WKH VXUIDFH #'� DQG 3 �o� p��� LV WKH IDU^pHOG SDW�
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WHUQ WKDW LV GHWHUPLQHG IURP WKH DV\PSWRWLF IRUP RI WKH

VROXWLRQ X�U� ��  
H[S �^�U F�

U 3 �o� p��� � 2�Ub��� U � ��

7KH FXUYH / LV D VHFWLRQ RI WKH VXUIDFH #' E\ WKH IURQW

RI WKH LQFLGHQW ZDYH WKDW PRYHV DORQJ WKH YHFWRU 5� ,W LV

FOHDU WKDW (T� ���� LV WKH W\SLFDO HTXDWLRQ RI LQWHJUDO JHRPH�

WU\ DOORZLQJ WKH WRPRJUDSKLF LQWHUSUHWDWLRQ RI WKH V\QWKHWLF

DSHUWXUH VRQDU WHFKQLTXH� ,Q SDUWLFXODU� LI WKH VFDWWHUHU LV

TXDVL^SODQH� WKHQ WKLV HTXDWLRQ FDQ EH WUDQVIRUPHG WR RQH RI

WKH EDVLF HTXDWLRQV RI OLQHDU FRPSXWHU WRPRJUDSK\� H�J�� WKH

LQYHUVH 5DGRQ WUDQVIRUP� WKDW FDQ EH DSSUR[LPDWHO\ VROYHG

YLD 5)& �7LNKRQRY HW DO�� ������ $V DQ H[DPSOH� ZH LQGL�

FDWH )LJXUH � LOOXVWUDWLQJ WKH HoHFWLYHQHVV RI WKLV DSSURDFK�

)LJXUH �� $FRXVWLF LPDJH RI D VNLQ GLYHU REWDLQHG IURP WKH GDWD RI D UHDO^OLIH

DFRXVWLF H[SHULPHQW XVLQJ WKH .LUFKKRo DSSUR[LPDWLRQ �7LPRQRY� ������

& 2 1 & / 86,2 1

7KLV SDSHU SUHVHQWV 5)& DV WKH SUDFWLFDO QXPHULFDO

WHFKQLTXH IRU VROYLQJ OLQHDU LQYHUVH SUREOHPV RI SDUWLFXODU

LQWHUHVW WR HQJLQHHULQJ� 7KH 5)& DUH VKRZQ WR EH D JHQ�

HUDOLVDWLRQ RI WKH VSHFWUDO LQWHUSUHWDWLRQ RI WKH 7LNKRQRY
V

VFKHPH RI UHJXODULVDWLRQ� 5RXJKO\ VSHDNLQJ� WKH 5)& SUR�

YLGH WKH VSHFWUDO ORFDO UHJXODULVDWLRQ RI WKH SUREOHP� L�H��

HDFK VSHFWUDO FRPSRQHQW RI WKH VROXWLRQ LV pOWUDWHG E\ WKH

FRUUHVSRQGLQJ YDOXH RI WKH YDULDEOH UHJXODULVDWLRQ SDUDPH�

WHU� 7KLV IRUP RI UHJXODULVDWLRQ LV ZHOO^VXLWHG WR WKH GLoHU�

HQW W\SHV RI D SULRUL LQIRUPDWLRQ DERXW WKH SUREOHP WR EH

VROYHG� ,W LV GHPRQVWUDWHG WKDW WKH 5)& SURYLGH WKH FRP�

SXWDWLRQDOO\ HoHFWLYH VROXWLRQV WR WKH OHDVW VTXDUHV SUREOHP

DV ZHOO DV WR WKH LQWHJUDO HTXDWLRQV RI WKH pUVW NLQG�

5 ()(5 (1 & (6

6WHFKNLQ� 6�%�� 7KH EHVW DSSUR[LPDWLRQ RI OLQHDU RSHU�

DWRUV� 0DWK�=DPHWNL� �� ���^���� �����LQ 5XVVLDQ��

%DNXVKLQVN\� $�%�� $ JHQHUDO PHWKRG RI FRQVWUXFWLQJ

UHJXODUL]LQJ DOJRULWKPV IRU D OLQHDU LOO^SRVHG HTXDWLRQ LQ

D +LOEHUW VSDFH� 8�6�6�5� &RPS�0DWK� DQG 0DWK�3K\V�� ��

���^���� �����

$UVHQLQ� 9�<D� DQG 7LPRQRY� $�$�� 2Q WKH FRQVWUXF�

WLRQ RI UHJXODUL]LQJ RSHUDWRUV FORVH WR DQ RSWLPDO RSHUD�

WRU IRU RQH�GLPHQVLRQDO DQG PXOWLGLPHQVLRQDO LQWHJUDO HTXD�

WLRQV RI FRQYROXWLRQ W\SH RI WKH pUVW NLQG� 6RY�0DWK�'RNO��

��� ���^���� �����

$UVHQLQ� 9�<D�� .ULNVLQ� <X�$�� DQG 7LPRQRY $�$�� 2Q

D VSHFWUDO DSSURDFK WR WKH FRQVWUXFWLRQ RI ORFDO UHJXODUL]D�

WLRQ DOJRULWKPV� 6RY�0DWK�'RNO�� ��� ��^��� �����

7LNKRQRY� $�1�� $UVHQLQ 9�<D�� DQG 7LPRQRY $�$��

0DWKHPDWLFDO 3UREOHPV RI &RPSXWHU 7RPRJUDSK\� 1DXND�

0RVFRZ� �����LQ 5XVVLDQ��

%HUH]DQVN\� <�0�� 6KHIWHO� =�*�� DQG 8V� *�)�� )XQF�

WLRQDO $QDO\VLV� Y�,,� %LUNKDXVHU 9HUODJ� %DVHO� �����

)DGGHHY� '�.�� DQG )DGGHHYD� 9�1�� &RPSXWDWLRQDO

0HWKRGV ,Q /LQHDU $OJHEUD� )L]PDWJL]� 0RVFRZ� �����LQ

5XVVLDQ��

*ROXE� *�+�� DQG 9DQ /RDQ� &�)�� 0DWUL[ &RPSXWD�

WLRQV� 7KH -RKQV +RSNLQV 8QLYHUVLW\ 3UHVV� �^UG (G�� %DO�

WLPRUH� �����

*DQWPDFKHU� )�5�� 7KH 7KHRU\ RI 0DWULFHV� Y�� DQG ��

&KHOVHD� 1HZ <RUN� �����

7LNKRQRY� $�1�� 2Q LOO^SRVHG SUREOHPV RI OLQHDU DOJHEUD

DQG WKH VWDEOH PHWKRG RI WKHLU VROYLQJ� 6RYLHW 0DWK�'RNO��

���� ���^���� �����

9DUDK� -�0�� 2Q WKH QXPHULFDO VROXWLRQ RI LOO^

FRQGLWLRQHG OLQHDU V\VWHPV ZLWK DSSOLFDWLRQV WR LOO^SRVHG

SUREOHPV� 6,$0 -�1XPHU�$QDO� ��� ���^���� �����

(OGHQ� /�� $OJRULWKPV IRU UHJXODUL]DWLRQ RI LOO^

FRQGLLWRQHG OHDVW VTXDUHV SUREOHPV� %,7 ��� ���^���� �����

+DQVHQ� 3�&�� 7KH WUXQFDWHG 69' DV D PHWKRG IRU UHJ�

XODUL]DWLRQ� %,7 ��� ���^���� �����

%DJJHURHU� $�%�� .XSHUPDQ� :�$� DQG 0LNKDOHYVN\�

3�1�� $Q RYHUYLHZ RI PDWFKHG pHOG PHWKRGV LQ RFHDQ DFRXV�

WLFV� ,((( -�2FHDQ (QJ�� ��� ���^���� �����

7LPRQRY� $�$�� $Q DSSURDFK WR UHqHFWLRQ FRPSXWHU WR�

PRJUDSK\� 6RY�3K\V�'RNO�� ��� ���^���� �����
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