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MOLLIFICATION TECHNIQUES

Diego A. Murio
Dept. of Mathematical Sciences

University of Cincinnati

function y=derl

%

% This function conputes the derivative of
% a noisy function by nollification and GCV.
% The only input is the noise in the data
% for pourposes of sinulation.

%

% 1993- Copyright Diego A. Mirio

%

% The programis conpletely automatic.

%

% The sanple step size is 1/128 and the
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% data is obtained in the closed interval [O,1].
% The derivative is conputed everywhere in the
% interval, including the BOUNDARI ES.

%

% This programcallss the following Mfiles:

% MOLGCV1, MOL1, MO,

% funcl, func2, func3, func4, func5, funcé,

% derivl, deriv2,deriv3, deriv4,deriv5 and deri v6.
%

% OPTI ON:

% The final nollification of the

%finite difference approxinmation for the

% derivative can be elimnated. Activate the

% | i ne %ol da=deri vfunc and comment the |ine

% [ mol da, del t a] =nol gcv1(derivfunc, n);.

%
ex=i nput (' Choose one exanple from11 to 7: ")

I f ex~=1 & ex~=2 & ex~=3 & ex~=4 & ex~=5 & ex~=6 & ex~=7,
st op; end

epsi |l =i nput (' Pl ease enter anount of noise, epsilon, between
0 and 0.1: ")

| f(epsil <0 | epsil>0.1), stop; end
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clc

tic

n=128;

I f (ex==1) [func]=funcl(n);
I f (ex==2) [func]=func2(n);
i f (ex==3) [func]=func3(n);
I f (ex==4) [func]=func4(n);
i f (ex==5) [func]=func5(n);
i f (ex==6) [func]=func6(n);
I f (ex==7) [func]=func7(n);
end

end

end

end

end

end

| f1 ag=ex;

%

[ der] =deriv1(n);el se
[ der] =deriv2(n);el se
[ der] =deriv3(n);el se
[ der ] =deriv4(n) el se
[ der ] =deri v5(n);el se
[ der] =deri v6(n) ;el se

[ der] =deriv7(n);end

fprintf (' DERI VATI VE EXAMPLE No. 9%t.0f\n',ifl ag)

fprintf(' Nunmber of points %.0f\n', n+1)

fprintf (" Maxi num data noise %2.5f\n', epsil)

fprintf( ----- \n")

%
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c=cl ock;
k=c(2)*c(4)*c(5)*c(6);

rand(' seed', k)

for k=1:n+1

noi se(k)=(2*rand(1)-1)*epsil;
end

da=f unc+noi se;

%
% FI RST AND ONLY CALL

%

| nol da, del t a] =nol gcvl(da, n);

%

| 2f =sqrt (((func-nol da)*(func-nolda)')/n);

| 2f f=sqrt ((func*func')/n);

i f(12ff<1)

fprintf('l2-error nollified data function %l2.5f\n", |2f)
fprintf(' Radius of nollification %2.5f\n', delta)
fprintf( ----- \n")

el se

fprintf('l2-error nollified data function %l2.5f\n", |2f)
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fprintf('Relative error %d2.5f\n", |2f/12ff)

fprintf(' Radius of nollification %2.5f\n', delta)

fprintf( ----- \n")

end

x=0:1/n: 1,

figure
plot(x,da,'--"',x,func)

xl abel (" Tinme');ylabel (' Noi sy and Exact | nput Functions')
figure
pl ot (x,da,' --"',x, nol da)

xl abel (" Tinme');ylabel (' Noi sy and Mol lified Input
Functions')

figure

pl ot ( x, da- nol da)

xl abel (" Tinme');ylabel (" I nput Error, Noisy-Mllified)
figure

pl ot ( x, func- nol da)

xl abel (" Tinme');ylabel (" I nput Error, Exact-Mllified")
figure

pl ot ( x, da-func)

xl abel (" Tinme');ylabel (" I nput Error, Noisy-Exact')

%

% Centered Differences
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%

for i=1:n-1

viuncl(i)=n*(nol da(i+2)-nmolda(i))/2;
end

dfi rst=2*vfuncl(1)-vfuncl(2);

dl ast =2*vfuncl(n-1)-vfuncl(n-2);

derivfunc=[dfirst, vfuncl, dl ast];

% OPTI ON
%ol da=deri vfunc:

[ mol da, del t a] =nol gcv1(derivfunc, n);

| 2d=sqrt (((der-nol da)*(der-nmolda)')/n);
| 2dd=sqrt ((der*der')/n);
i f(12dd<l1)

fprintf('l2-error nollified derivative function %12.5f\n’,
| 2d)

fprintf(' Radius of nollification %2.5f\n', delta)
fprintf( ----- \n")
el se

fprintf('l2-error nollified derivative function %12.5f\n’,
| 2d)

fprintf('Relative error %2.5f\n", |2d/12dd)

fprintf(' Radius of nollification %2.5f\n', delta)
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fprintf( ----- \n")

end

figure

pl ot (x, der,"'--",x, nol da)

xl abel (" Tinme');ylabel (" WMol lified and Exact Derivative
Functions')

figure
pl ot ( x, der - nol da)
xl abel (" Tinme');yl abel (' Derivative Error")

toc

functi on[ nol da, del t a] =nol gcv1(da, n)
%

% This function is called by derl. m
%and it calls nmol.mand nol 1. m

%

% | NPUT:

% Dat a vector da of dinmension n+l.
% Nunber of points mnus one, n.

%

% OUTPUT:

% Mol lified data vector, nolda.

% Radi us of nollification, delta.

%
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% OPTI ON:

% The val ues of the GCV functi onal
% and/ or the nunber of iterations
% can be activated or not. Sinply
% coment (or not) the last two |ines.
%

t ol =0. 001,

del tam n=0. 001;

del t amax=0. 10;

del t a=0. 04;

maxni t er =30;

gr=0.5*(sqrt(5.0)-1);

cc=1-gr,;

x0=del t am n;

x3=del t amax;

| f (abs(del tanax-del ta)>abs(del ta-deltamn))
x1l=del t a;

x2=del ta+cc*(del t amax-del ta);

el se

x2=del t a;

x1l=del ta-cc*(del ta-deltamn);

end
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% CALLS ARE HERE

%

[i wt max, wt ] =nol (x1, n);

%

[ ol da, gcv] =nol 1
(1wt max, n, w, x1, da) ;
%

f 1=gcv;

[i wt max, wt ] =mol (x2, n);

[ mol da, gcv] =nol 1(i wt max, n, wt , x2, da) ;

f 2=gcv;

count er =0;
t est 1=abs(x3-x0);

t est 2=t ol *(abs(x1) +abs(x2));

whi | e( (test1>test?2)&counter<maxniter))

count er =count er +1,
i f(f2<f1)

x0=x1;

X1=x2;

X2=gr *x1l+cc*x3;

f1=f 2;
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[i wt max, wt] =nmol (x2, n);

[ mol da, gcv] =nol 1(i wt max, n, wt , x2, da) ;
f 2=gcv;

el se

X3=X2;

X2=x1;

x1=gr *x2+cc*x0;

f2=f1;

[ wtmax, wt] =nol (x1,n);

[ ol da, gcv] =nol 1(i wt max, n, wt, x1, da) ;
f 1=gcv;

end

t est 1=abs(x3-x0);

t est 2=t ol *(abs(x1) +abs(x2));
end

i f(f1<f2)

gol den=f 1;

m nx=x1;

el se

gol den=f 2;

m NxX=x2;

end

del t a=m nx;
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[iwt max, wt] =nol (del ta, n);

[ mol da, gcv] =nol 1(i wt max, n, wt, del t a, da) ;

% OPTI ON
fprintf (' Nunber of iterations: %!. 0f\n', counter)

fprintf(' GCV functional: %l2.5e\n', gcv)

function [iw max, wt] =nol (delta, n)

%

% This function is called by nmolgcvl. m
%

% | NPUT:

% Radi us of nmollification, delta.

% Nunmber of points m nus one, n.

%

% OUTPUT:

% Length (in step size units) of nunerical
% "support" of Gaussian kernel, iwt nmax.
% Gaussi an kernel, wt.

%

a=1/(n*delta*sqrt(pi));

mer ound( 3*del t a*n) +3;
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I Wt max=2*m
=-m n+1/n: 1/ n: mMn;
wt =a*exp(-x.”"2/ (delta*delta));

%pl ot (x, W)

function[ nol da, gcv] =nol 1(i wt max, n, wt, del t a, da)
%

% This function is called by nolgcvl. m

%

% | NPUT:

% Length (in step size units) of nunerical

% support of Gaussian kernel, i w max.

% Nunber of points mnus one, n.

% Gaussi an kernel, wt.

% Radius of nollification, delta.

% Data vector to be nmollified, da.

%

% OUTPUT:

% Generalized Cross Validation functional value, gcv.
% Mol l'ified data vector, nol da.

%

% Cal cul ati on of the constants ca and caa.

snl=0;
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sn2=0;

sd=0;

It m n=i wt max/ 2;

for i=1:1iwmax-1

dr (i)=da(2+n-i);

end

for i=1:itmn

sk=0;

for k=itm n+i:iw nmax
sk=sk+wt (k) ;

end

sj 1=0;

sj 2=0;

for j=l:itmn+i-1
sjl=sjl+wt(j)*da(itmn+i-j);
Sj2=sj2+wt (j)*dr(itmn+i-j);
end
snl=snl+(da(i)-sj1)*sk
sn2=sn2+(dr (i)-sj2)*sk;
sd=sd+sk* sk;

end

ca=snl/ sd;

caa=sn2/ sd;
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for i=1l:itmn-1

one(i) =ca;

three(i) =caa;

end

bi g=[ one, da, t hree] ;
wtt=wt (1: (i wtmax-1));
c=conv(big,wtt);

for i=1:n+1

mol da(i) =c(i wt max-2+i);
end

gcv=2*((da-nol da) *(da-nol da) ') /i w max;
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