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1. MOTIVATION

1.      REVEALS POSSIBLE PARAMETERS

     
What parameters can be estimated?

What are the “natural” parameters? k, C = (c, ( = k/C, 1/k, 1/C, kC, …?

  
What functions can be estimated?

EXPERIMENTS

Some experiments use Green’s functions as solutions 
SENSITIVITY COEFFICIENTS RELATED TO GFs

2. TRANSIENT HEAT CONDUCTION equation 


Heat conduction equation, Cartesian coord.


consider a parallelepiped. (1D and 2D contained)
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Volume energy generation term, g(x,y,z,t)

Need boundary conditions. 6 sides. 

Three “standard” boundary conditions: 


Prescribed temperature (1st kind)


Prescribed heat flux (2nd kind)


Prescribed ambient temperature (3rd kind)

3. NUMBERING SYSTEM

MOTIVATION-Many geometries and boundary conditions. Leads to GF solution

BOUNDARY CONDITIONS (b.c.): 


Temperature b.c. (Dirichlet)

= 1st kind


[image: image2.wmf](0,,,) (,,)

0

TyztTyzt

x

=





Heat flux b.c.       (Neumann)     
= 2nd kind
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Convective b.c.   (Robin)

 
= 3rd kind
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WE ADD:




No physical boundary
 


= 0th kind


In “direct” conduction, one b.c. at each boundary.

In inverse heat conduction we may have two b.c. at a given boundary, T and q, for example.



COORDINATE DIRECTIONS:




X for x-direction, 

Y for y-direction, 

Z for z-direction


XIJ is for plate with Ith b.c. at x = 0, and Jth b.c. at L

Suppose T given at x = 0 & convection b.c. at L: X13


Different possibilities in x-coordinates:



X00



X10
X11
X12
X13



X20
X21
X22
X23



X30
X31
X32
X33

A Green’s function can be given for each of these.  

Except for 0th kind, we give TWO forms of each.

(They are complementary in that one is more efficient than the other in different time domains.

( They can be used to provide internal verification.

BOUNDARY CONDITION NOTATION MODIFIERS:

Add B after XIJ and a “0” or “1” for zero or constant b.c., respectively.

INITIAL CONDITION NOTATION:

Add T with a “0” to indicate zero initial temperature & “1” for constant initial temperature

EXAMPLE
Plate with T = 100 at x = 0, insulated at x = L. T(x,0) = 0

Answer: X12B10T0

4. GREEN’S FUNCTION SOLUTION EQUATION

Consider a 3D parallelepiped

Restrict to linear problems: 

Thermal properties independent of T, no radiation, no change of phase/chemical reactions, no moving boundaries

Green’s function solution equation:
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 is location of interest, t is time of interest.

THREE COMPONENTS:

initial condition, 

volume energy generation

boundary conditions 

Each involves a “driving” term, or non-homogeneous term:

For initial condition, non-zero initial temperature.

For volumetric energy generation, non-zero volumetric energy generation source in body.

For boundary conditions, non-zero prescribed T, q or ambient temperature. (1st, 2nd or 3rd kind)

INITIAL CONDITION TERM
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“Backward heat problem”: Est. T0(x,y,z) given T(x,y,z,te)

VOLUMETRIC ENERGY GENERATION TERM
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Function estimation problem: Given T(x,y,z,t) at certain locations and many times, estimate 
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For boundary conditions, we have 3 kinds, but only one kind at a given boundary.


Solution for 1st bc kind at x’ = 0
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Solution for 2nd  bc kind at x’ = 0
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Solution for 3rd  bc kind at x’ = 0
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For each of the above b.c. cases, we can estimate a surface function, provided G is known and appropriate T measurements are available.

CARTESIAN COORDINATES, 1D GF PRODUCTS
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Hence 1D GFs can be used for 2D and 3D cases.


Many GFS tabulated in “Heat Conduction Using Green’s Functions” by J.V. Beck, K.J. Cole, A. Haji-Sheikh and B. Litkouhi, Hemisphere Publishing Co., 1992. Notice 
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If the initial temperature can be given as a product,
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where
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…

Analogous equations can be given for volumetric energy generation and boundary conditions. 

However, the integration over dummy time will complicate the solution. Triple summations.

5. SOME GREEN’S FUNCTIONS AND PROPERTIES

Fundamental heat conduction solution,
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Fundamental Green’s function in conduction, GX00(x,t;x’,()
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Notice GF is function of space and time as well as (, thermal diffusivity. 


x = location of point of interest


x’ = source location


t = time of interest


( = impulse time of source

GF: function of 4 variables here reduces to 2, 
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 EMBED Equation.DSMT4  [image: image22.wmf]
Note that the thermal diffusivity is a fundamental property. 

For homogenous bodies, except when a heat transfer coefficient is present, all GFs have only ( as thermal property. Cases XIJ for I and J = 0, 1 and 2.

Let us make K dimensionless
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where
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For flash diffusivity experiments for measuring thermal diffusivity in a 1D plate with negligible heat losses:
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Q0 = energy input, joules

Comments:

   1)  For X22, GX22 is function of x, t and (. Then if Q0 is                                                   known, we can estimate ( and P (= C-1). 

2) Solution is simply the GF times some constants.

3) P  = 
[image: image26.wmf]/
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= 1/C is another fundamental property coming out of Green’s functions. 

Green’s function GXIJ could be boundary conditions of the 2nd or 3rd kinds. One example, X22, 2nd kind both surfaces.

Let us find the scaled sensitivity coefficients for parameters P = C-1 and (.  
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The first sensitivity coefficient is proportional to the temperature rise.


6. FLASH DIFFUSIVITY EXPERIMENTS

1D CASE

Consider the X22 Green’s functions for x’ = 0 and ( = 0.


For short times (found using reflections of K solution):
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For long times:
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How many terms are required?

For short time, let error (2nd term) be less than 0.001 of 1st.
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Let ratio 
[image: image33.wmf]»

 0.001. exp(-7) = 0.00091. Using 7 value of absolute value of exponent gives
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For this time, the short expression gives:
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Using long time expression, how many terms are needed? Again set absolute value of exponential to 7. The maximum number of needed terms is 
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Then only one term in the summation is needed.

For one term: 0.881110. For two terms: 0.88113534184
Scaled sensitivity coefficient for (, short and long times:


[image: image38.wmf]22

1919

1/2

4444

(,;0,0)

11

(4)29

S

X

FoFoFoFo

GLt

Foeeee

LFo

a

a

p

----

-

¶

»

¶

éù

æöæö

-+++

êú

ç÷ç÷

èøèø

ëû



[image: image39.wmf]22

4

22

2

(,;0,0)2

4

L

FoFo

X

GLtFo

ee

L

pp

a

ap

--

¶

éù

»-

ëû

¶



[image: image40.wmf]2

t

Fo

L

a

=


Values at time Fo = 0.286

	Approximation
	1 Term
	2 Terms

	Short
	0.32935
	0.335308590

	Long
	0.33559
	0.3353086040


Here 
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 needs more terms than for G. 

Let us define,
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If we know the value of Q0, we can estimate P and ( since the sensitivity coefficients are not proportional. 

If we do not know the value of Q0, we can estimate PQ0 and (.  PQ0 is a nuisance parameter here. 

The heat pulse is not infinitesimal. Suppose it lasts a Fo value of 0.05. Compare the GF times (Fo with the exact solution for this pulse.
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	(Fo
	% RMS error 

of max (T,

1 pulse
	% RMS error 

of max (T, 

2 pulses

	0.02
	0.07
	0.018

	0.05
	0.43
	0.097

	0.10
	1.1
	0.25


3D CASE

Consider another case of heating over a rectangular area, a 3D problem.
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Because of symmetry, we can consider the problem,
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The no. is: X20B0 Y20B0 Z22B(x5y5)0T0

The solution in terms of Green’s functions is
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IGY20 is similar. GX22 discussed above. GZ22 is similar.

Integration may have to be done numerically in general. 

However, for a short pulse we can again omit the integration over (. In this case there is only one infinite series (in Z22), but we could have potentially 3 infinite series if finite in x- and y-directions, i.e., X22 and Y22. 

The instead of a triple summation with potentially roughly M3 terms in the summation, we would have 3M terms in the summation for the short pulse case.

7. 3D INVERSE HEAT CONDUCTION PROBLEM.  HEAT FLUX ON SURFACE OF PARALLELEPIPED

Suppose heated at the z = 0 surface. Many measurements of t at z = H where insulated.

Other boundaries are homogeneous.

Then T is (for T-independent properties, homogenous body),
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Approximate 
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Then
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where typically
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Sensitivity coefficient for small 
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Important point: The sensitivity coefficients are the product of the 1D components of the Green’s functions. Much less computation than if triple product. More important: easier to obtain insight from behavior for product of 1D parts.

SUMMARY AND CONCLUSIONS

(
Green’s functions indicate “fundamental” parameters

(
Green’s functions give solutions for realistic experiments for estimating thermal properties

· GFs provide efficient sols. 3D heat conduction

· Two different complementary forms of GFs

· Triple summations may be eliminated in some cases

· Provides insight into scaled sensitivity coefficients
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