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Example System:  Euler‐Bernoulli Beam 
Undamped, infinite, thin rectangular steel beam 

Young’s modulus E = 200e9 N/m2 

width b = 1 cm 

height h = 1 mm 

density ρ = 7860 kg/m3 

I = bh3/12, A = bh  

According to the theory of waves [2] 

where        is the frequency,      is the wavenumber, and 

Phase velocity  

Group velocity  

Complex Modal Es.ma.on of Wave Parameters in 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Media 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Premise 
Traveling waves can be expressed in terms of 
complex modes of vibraVon 
Example, traveling wave y(x,t): 

or 

where                              is the complex modal 
moVon, and  

is the complex mode shape. 

Complex modes can be extracted from sampled 
Vme‐history data of wave behavior.  

Goals 
• Characterize modes in traveling dispersive waves 

• Exhibit the energy distribuVon among the modes 

• Use decomposed modes to esVmate modal frequencies, 
wave numbers, and phase velociVes 
• EsVmate the group velocity spectrum 

Complex Modal DecomposiVon [1] 
• Measure                       j = 1,…, m ; k = 1,…, n  
• Convert to complex analyVc signals   

• Build complex ensemble matrix  Z  such that         
Z has elements         (rows are sensor histories) 

• CorrelaVon Matrix  

• Eigenvalue problem (matrix form) 

• Modal matrix  

 ui are columns of         
called Complex Orthogonal Modes (COMs) 

 are eigenvalues 
called Complex Orthogonal Values (COVs) 

• Complex modal coordinate sampled histories 
are the rows of the complex modal ensemble 
given by 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Summary and Conclusion 
Traveling waves can be described with complex modes 

A complex modal decomposiVon can extract modal informaVon 

Modal extracVons can be used to esVmate wave parameters: 
wavelength, frequency, phase velocity, group velocity, modal 
energy 

DecomposiVon is robust to noise 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Response Snapshots—half beam 

Complex modes 
Complex plane                     Real/imag parts 

€ 

y(x, t) =
1
2
(z(x,t) + z (x, t)

€ 

y(x, t) = 2Asin(γx −ωt) = A[cosωt sinγx − sinωt cosγx]

€ 

z(x, t) = Aeiωtφ(x)

€ 

φ(x) = sinγx + icosγx

€ 

y(x j ,tk )

€ 

z jk = z(x j ,tk )

€ 

z jk

€ 

Q = U T Z

€ 

a =
EI
ρA€ 

ω = aγ 2

€ 

ω

€ 

γ

€ 

c =ω /γ

€ 

cg =
dω
dγ

(1) 

SimulaVon Example 1 
Two‐harmonic dispersive wave 

where  

According to equaVon (1) 

According to equaVon (2), group velocity 

Added noise, uniformly distributed ±2‐6 Vmes ymax  

EsVmated parameters 

€ 

y(x, t) = A1 sin(γ1x −ω1t) + A2 sin(γ 2x −ω2t)

€ 

A1 =1

€ 

γ1 = 20

€ 

A2 =1/2

€ 

γ 2 =16
mm 
rad/m 

€ 

ω1 = 582.4694

€ 

c1 = 29.1235

€ 

ω2 = 372.7804

€ 

c2 = 23.2988
rad/sec 
m/sec 

€ 

cg = 52.4222 m/sec 

€ 

ω1e = 584.9966

€ 

c1e = 29.2498

€ 

ω2e = 375.5177

€ 

c2e = 23.4668
rad/sec 
m/sec 

€ 

cge = 52.3803 m/sec 

€ 

γ1e = 20.0000

€ 

γ 2e =16.0021 rad/m 

Waveform and extracted COVs 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Example 2: Disturbed Beam 
Response to a Gaussian disturbance given by [2] 

Added noise, uniformly distributed ±2‐6 Vmes ymax 

SpaVal and temporal sampling limitaVons 
(sampling intervals and record lengths): 

€ 

y(x, t) = 2 f0b0s
1/ 4 (t)e−x

2b0
2s( t ) cos[atx 2s(t) −φ(t)]

€ 

s(t) =
1

4(b0
4 + a2t 2)

€ 

φ(t) = tan−1 at
b0
2

€ 

ωmin = 22.4560

€ 

ωmax = 375.5177 rad/sec 

€ 

γmin = 3.9270

€ 

γmax = 314.15 rad/m 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Modal responses 
First mode: longer wavelength, 
slower to travel off domain 

Fourth mode: shorter wavelength, 
quicker to travel off domain 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Group velocity vs. wave number  Frequency vs. wave number 

Extracted Modal Coordinates 
Complex plane                               Real parts 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